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1 Exercise sheet No. 1

Exercise 1.1. Determine all possible topologies on the set of three elements X =
{a,b,c}.

Solution. Here is the complete list. Every topology in the same group is homeomorphic
to each other, and no topologies from different groups are homeomorphic:

(A) (Trivial Topology) O = {X, @}.
(B) (Singles)

(Bl) O ={X,2,{a}}.

(B2) O ={X,2,{b}}.

(B3) O ={X,2,{c}}.
(C) (Doubles)

(Cl1) O ={X,2,{a,b}}.

(C2) O ={X,2,{a,c}}.

(C3) O ={X,2,{b,c}}.

(D) (single-doubles non-disjoint)
(D1) O ={X,2,{a},{a,b}}.
(D2) O ={X,2,{a},{a,c}}.
(D3) O ={X,,{b},{b,c}}.
(D4) O ={X,2,{b},{a,b}}.
(D5) O ={X,,{c},{a,c}}.
(D6) O ={X,2,{c},{b,c}}.

(E) (single-doubles disjoint)

(E1) O ={X,2,{a},{b,c}}.
(E2) O ={X,2,{b},{a,c}}.
(E3) O ={X,2,{c},{a,b}}.

(F) (single-single-doubles)

(F1) O ={X,2,{a},{b},{a,b}}.

(F2) O ={X,2,{a},{c} {a,c}}.

(F3) O ={X,2,{b} {c},{b,c}}.
(G) (single-double-doubles)

(Gl) O ={X,2,{a},{a,b},{a,c}}.



(G2) O ={X,2,{b},{a,b},{b,c}}.
(G3) O ={X,a,{c},{a,c}, {b,c}}.

(I) (single-single-double-doubles)
(Il) 0= {ngv{a}a{b}’{aab}’{ba C}}
(12) 0= {X7®7{a}7{b}7{a7b}7{aac}}'
(13) O ={X,2,{a},{c},{a,b},{a,c}}.
(I4> O = {X,@,{a},{c},{a,c},{b, C}}
(15) 0= {nga{b}v{c}a{b’ C},{(I,C}}.
(16) 0= {X7®7{b}7{c}7{a7b}’{b7 C}}
(J) (Power set) O = P(X) = {9, X,{a}, {b},{c},{a,b},{a,c}, {b,c}}. O

Exercise 1.2. Assume that X is a set and d;, dy are two distance functions for X.
Assume that there exists a constant ¢ > 0 such that for every pair of points z,y € X
the following string of inequalities holds

idl(x7y) < ds(z,y) < cdi(z,y). (1)

Show that Odl = Odg.
Solution. Let ¢ = % Then, the inequalities (1) imply that

1
gd2<$ay) S dl(x7y) S C/dQ(x7y)'

So, it suffices to show that Oy C Oy,, because if we prove this, then this inclusion with
the roles of dy and ds switched tells us that Oy, C Oy,. To prove Oy C Oy,, it suffices
to assume that U € Oy, and prove that U € Og4,. By definition of Oy, , for each x € U
there exists an €, > 0 such that B! (z) = {y € X | di(z,y) < &} C U. We claim
that U = U,y B, (x). To show (C), let « € U. Then x € B} (z) C U,y B, (z). To
show (D), let @ € U,cpy B!, (y). Then there exists a y € U such that = € B! (y ) Since
Bl (y) U,z €U. SoU = U,ey B., (). Toshow that U € Og,, since Oy, is a topology
(therefore closed under arbitrary umons) it suffices to assume that x € U and prove that
B! (z) € Oy4,. To show this, by definition of Oy, it suffices to assume that y € B! () and
prove that there exists an ¢, > 0 such that B? (y) C B! (2). Define ¢ = ¢, — di(z,y).
Then since y € B} (), €, > 0. We claim that B1 . (y) C B¢, (z). To see this, it suffices to
assume that z € B1 ( ) and prove that d;(x, z) < €x-

di(z,2) < di(z,y) +di(y,z) [by the triangular inequality]
<d(wy)+e,  [z€BL)
€x [by definition of €].

Define ¢, = €, /c. Then, ¢, > 0. We claim that B? (y) C Bﬁl,y (y). To see this, it suffices
to assume that z € B (y) and prove that di(z,y) < €.

di(z,y) < cdy(z,y) [by hypothesis of the exercise]
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< cey [z € B2 (y)]

= e, [by definition of €,].

Using the previous two set inclusions,
B (y) C By (y)
C B! (). O

Exercise 1.3. Let X be a set and A C P(X) be a subset of the power set of X that
satisfies

(i) If I is any non-empty index set and A; is closed for every i € I, then ,; A; is also
closed.

(ii) If I is any non-empty finite index set and A, is closed for every i € I, then U, 4;
is also closed.

(i) @, X € A.

Define O = {U € X | U° € A}. Show that O is a topology on X. (Hint: use De
Morgan’s laws)

Solution. O is closed under arbitrary unions: it suffices to assume that I is a non-empty
set, Vi € I: U; € O, and prove that U,.; U; € O. By definition of O, Vi € I: U7 € A.
Then,

UU € 0 <U Ui) € A [definition of O]

iel el
— (UfeA [De Morgan’s laws|
i€l
<> true [A satisfies (i)].

O is closed under finite intersections: it suffices to assume that I is a finite non-empty
set, Vi € I: U; € O, and prove that N,.; U; € O. By definition of O, Vi € I: Uf € A.
Then,

NUic 0« (NU) €A [defiition of O

i€l icl
— JUreA [De Morgan’s laws]
= Zti;e [A satisfies (ii)].
ge€0:
€0+ 2°c A [by definition of O]
—=XecA [o°=X]
<> true [A satisfies (iii)].
XeO:

X €O« X°e€ A [by definition of O]
—=2cA [X°=0a]
<= true [A satisfies (iii)]. O
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Exercise 1.4. Consider the Euclidean distance function on R", which for two vectors
x,y € R" is defined by

n

d(z,y) = llz =yl = | D_(2i — vi)*
i=1
Show that the closure of the open ball is the closed ball. That is, for x € R™ and » > 0
show that

B,(z) = {y €R" | d(z,y) <r}.

Solution. Define C,(z) = {y € R" | d(z,y) < r}. We show that B,(x) C C,(z). For
this, by definition of closure it suffices to show that B,(x) C C,(x) and that C,.(z) is
closed in R™. Clearly B,(z) C C,(x). To show that C,(x) is closed, it suffices to show
that R™ \ C,(z) is open. For this, by definition of the topology of R™ as a metric space
it suffices to assume that y € R™\ C,(z) and prove that there exists an € > 0 such that
B.(y) C R*\ C,.(z). Define € := d(x,y) — r. € > 0, because

y eR"\Cp(z) =y ¢ C,(z)
= ~(d(z,y) <)
<~ d(z,y) >

We now show that B.(y) C R™\ C,.(z). For this, it suffices to assume that z € B.(y)
(i.e. d(y,z) < €) and prove that z # C,.(x) (i.e. d(z,2) > ).

r<d(z,y) —d(y,z) [d(y,z) < € and definition of ¢|

<d(z,z) [by the triangle inequality].
We show that C,.(z) C B.(z). By definition of closure, it suffices to assume that F
is closed, B,(x) C F, and prove that C,(x) C F. For this, it suffices to assume that
y € C,.(z) and prove that y € F. Assume by contradiction that y ¢ F. Then, since
y € R™\ F which is open, and by definition of open set of the metric topology, there exists
¢ > 0 such that Bo(y) C R™\ F. Let € = min{¢, ||z — y||}. Then, B.(y) C R™\ F and
e <llz—y|l. B(y)NB.(x) C (R*\ F)NF = @. Define t == ey and 2 =y + (x —y)t.
We will derive a contradiction by showing that z € B.(y) N B,(x), which we have proven
is empty. z € B(y):

d(y,z) =d(y,y + (z — y)t) [by definition of z]
= |-y +y+ (z—y)t| [by definition of d]

= [[t(z — y)|

= [t|[|z — y| [II]l is a norm]
€

)

< €.

z € B.(z):

d(z,z) =d(x,y + (z — y)t) [definition of z]
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= |-z +y+at —yt|| [definition of d]

= [t =1)(z -yl

= [t = 1flz =yl [l[-|I'is a norm|

= yg — [z — ]| by definition of #]
€

= o —yll -5 llz = yll > e > /2]

<71 —¢€/2 ly € Cr(2)]

<T.

So, z € B.(y) N B.(x) = @, which is a contradiction.



2 Exercise sheet No. 2

Exercise 2.1. Let (X, d) be a metric space, x € X and r > 0. Show that

B.(z) C{y € X | d(z,y) <r}.
Solution. In exercise 1.4 we showed that
B (r)={y € X |d(z,y) <r}

in the case X = R". The proof we gave for (D) uses the fact that the space is R" (namely
the fact that it is a vector space), however the proof that we gave for (C) only uses the
fact that R"™ is a metric space. So the same proof can be used here, with R" replaced by
X:

Define C.(z) = {y € X | d(z,y) < r}. We show that B,(z) C C,.(z). For this, by
definition of closure it suffices to show that B,(z) C C,(x) and that C,(x) is closed in X.
Clearly B,(z) C C,.(z). To show that C,(z) is closed, it suffices to show that X \ C,(x) is
open. For this, by definition of the topology of X as a metric space it suffices to assume
that y € X \ C,.(z) and prove that there exists an € > 0 such that B.(y) C X \ C,.(z).
Define € := d(x,y) —r. € > 0, because

y € X\C(x) ==y ¢ Co(x)
= ~(d(z,y) <)
— d(z,y) > r.

We now show that B.(y) C X \ C,.(z). For this, it suffices to assume that z € B(y) (i.e.
d(y,z) < €) and prove that z # C,(x) (i.e. d(z,2) > r).

r<d(z,y)—d(y,z) [d(y,z) < e and definition of ¢
d(zx, z) [by the triangle inequality]. O

Exercise 2.2. Find an example of a metric space (X, d) in which the inclusion from the
previous exercise is strict. That is, for which there exists x € X and r > 0 such that

By(x) #{y € X | d(z,y) <r}.
Solution. Take any set X with more than one element, and consider the discrete metric

d on X defined by
0, ifz=y

Y

This is indeed a metric, as is easy to check. Moreover, Bi(x) = Bi(z) = {x} for every
x, but

{ye X |d(z,y) <1} = X. O

Exercise 2.3. Let (X, Ox) and (Y, Oy) be topological spaces. Show that a map f: X —
Y is continuous if and only if the preimage under f of every closed set is closed.



Solution. Assume that f is continuous, and let A C Y be closed. Then
FHA) = 1A
is open, which implies that f~'(A) is closed. The other direction is analogous. O

Exercise 2.4. Let (X,dx) and (Y, dy) be metric spaces. Let f: (X,04,) — (Y, O4y )
be a map. Show that f is continuous if and only if for every ¢ > 0 and for every x € X
there exists a § = §(x,€) > 0 such that dx(z,y) < d implies dy (f(z), f(y)) < €.

Solution. (=>): It suffices to assume that ¢ > 0, z € X and show that there exists
a d = d(x,e) > 0 such that dx(z,y) < § = dy(f(z), f(y)) < e. By definition of
metric space topology on Y, the set B.(f(x)) is open in Y. Since f is continuous,
7 HB(f(z))) is open in X. Also f(x) € B.(f(z)). Therefore, by definition of the
metric space topology on X, there exists a § > 0 such that Bs(z) C f~1(B.(f(z))). We
claim that 0 is as desired. To show this, it suffices to assume that y € X and prove that

dx(z,y) <6 = dy(f(2), f(y)) < e

dx(z,y) < 0 <=y € Bs(x) [definition of ball]
= y € fT1(Be(f(x))) [by our choice of §, Bs(x) C f~(B(f(x)))]
( [
[

< f(y) € B(f(2)) definition of preimage]
< dy(f(z), f(y)) < e [definition of ball].

(«<=): By definition of continuous function, it suffices to assume that U C Y is open
and prove that f~1(U) C X is open. For this, by definition of open set in the metric
space topology, it suffices to assume that z € f~(U) and prove that there exists a § > 0
such that Bs(z) C f~1(U). Since f(z) € U, U is open, and by definition of metric space
topology, there exists an ¢ > 0 such that B.(f(x)) C U. By hypothesis, there exists
a 0 > 0 such that dx(z,y) < 6 = dy(f(x), f(y)) < € for all y € X. We claim that

Bs(x) C f~1(U). Since

y € Bs(z) <= dx(z,y) <9 [definition of ball]
— dy(f(x) f(y)) <€ [by our choice of I
f(y) € B(f(x)) [definition of ball]
<=y € fHBf(r))) [definition of preimage],

Bs(z) C f~YB.(f(z))). Then, since B.(f(x)) C U,

Bs(z) € f7H(B(f(x)))
c fH(U). 0



3 Exercise sheet No. 3

Exercise 3.1 (Subset topology). Let A C (X, Ox) be any subset. Show that (A, Ox|a)
is a topological space, and that the natural inclusion ¢: A < X is continuous.

Solution. We have @ = AN, A=ANX,and so A, & € Ox|a. Let {U;}icr be a family
of elements in Ox|4, and write U; = ANV; with V; € Ox. Then

UUZ:U(AM):Aﬂ(UVi),

iel el il

which is an element of Ox|4 since U;c; Vi € Ox. Similarly, if I is finite, then

ﬂUi=ﬂ(AﬂVi>=Aﬂ<ﬂ%>,

iel el il

which again lies in Ox|4 since N;c; Vi € Ox. This shows that Ox|4 is a topology.
To show that ¢ is continuous, take any open set V' C X. Then ¢~!(V) = ANV, which
is an element of Ox|4 by definition. O

Exercise 3.2 (Quotient topology). Let (X, Ox) be a topological space and ~ an equiv-
alence relation on X. Show that (X/ ~,Ox/.) is a topological space and the natural
projection p : X — X/ ~ is continuous.

Solution. The proof is completely analogous to that of the previous exercise.
Denote Y = X/ ~. We have @ = p (@), X = p}(Y), and so Y, € Oy. Let
{U;}ier be a family of elements in Oy. Then

p (U Ui) —Up ),

i€l il

which is an element of O since p~(U;) € Ox for each i € I and Oy is a topology.
Similarly, if I is finite, then

v (N6) =N,

which again lies in Oy for similar reasons. This shows that Oy is a topology.
The fact that p is continuous follows directly from the definition of the quotient
topology Oy [

Exercise 3.3. Show that (R/Z, Og/z) is compact and that (S*, Opz|s1) is Hausdorff.

Solution. We show that (R/Z,Og/z) is compact. For this, consider f: [0,1] — R/Z
given by f(x) = [z]. By Lemma 3.8, it suffices to show that [0, 1] is compact and that f
is continuous and surjective (i.e. it follows that f([0,1]) = R/Z is compact).

0,1] is compact: It suffices to assume that A = {U, }icr is an open covering of [0, 1]
and to prove that there is a finite subcover of A. Define

C ={y € (0,1] | [0,y] can be covered by finitely many elements of A}.
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It suffices to show that C' # @, which implies that C has a supremum ¢, and that ¢ € C.
We start then by showing that C' # &. Choose i € I such that 0 € U;. Since U; is open,
there exists an > 0 such that [0,x) € U;. Then, /2 € C' and C' # &. Let ¢ = supC.
Assume by contradiction that ¢ ¢ C. ¢ € [0, 1], so we can choose i € [ such that ¢ € U;.
Since U; is open, there exists a d € [0, ¢) such that (d, c] C U;. There exists a z € C' such
that z € (d, ¢), since

—(Fze€C:z€(d,c)) <= Vze(C:z¢ (d,c)

—Vze(:z2<d zeC = z<cg,
ze€CNcg C= z# (]

— c#supC [d is a smaller upper bound than c]

< false.

z € C implies that there exist iy,...,7, € I such that [0, 2] C Uj_, Us;. Also, [z,¢] C
(d,c] € U;. So, [0,¢] =1[0,2]U|[z,¢] C (U?—l U,-j) U U;, which means that [0, ¢| can be

covered by a finitely many elements of A, so ¢ € C' which contradicts ¢ ¢ C. So ¢ € C.
f is continuous: consider the following commutative diagram:

0,1] —— R

b

R/Z

By the previous two exercises, p and ¢ are continuous, and f = p¢.

f is surjective: it suffices to assume that [z] € R/Z and to prove that there exists
ay € [0,1] such that f(y) = [z]. Define y = z — |z|. Then, y € [0,1] and f(y) =
[z — |=]] = [z].

We show that (S', Ogejs1) is Hausdorff. We prove the more general fact that if
(X, Ox) is a Hausdorff topological space and Y C X, then (Y, Oxy) is Hausdorff. For
this, it suffices to assume that z,y € Y and to prove that there exist U,V C Y open
in Y such that x € U, y € V, and UNV = &. Since X is Hausdorff, there exist
U, V' X open in X such that x €e U, y € V', and U NV’ = &. Define U =Y NU’
and V =Y NV’'. By definition of subspace topology, U,V are open in Y. Since z,y € Y,
re€UandyeV. AndUNV =3, sinceU'NV' = 2. O

Exercise 3.4. Show that (R/Z, Og/z) is homeomorphic to (S, Ogzjs1).

Solution. By theorem 3.7, it suffices to show that there exists a map f: R/Z — S!
which is continuous and bijective. Define f by f([t]) = (cos(27t),sin(27t)) and define
f: R — S' by f(t) = (cos(2rt),sin(2nxt)). Then, the following diagram commutes:

R— st

L A

11



f is well defined: it suffices to assume that t,#' € R, z € Z, t' =t + 2z and to prove
that (cos(2mt’),sin(27t")) = (cos(2wt), sin(27t)). This is true:

(cos(2nt"), sin(2nt")) = (cos(2wt + 27z), sin(27t + 272))
= (cos(2mt), sin(27t)) [z € Z].

f is injective: it suffices to assume that ¢,¢" € R are such that (cos(2nt’),sin(27t')) =
(cos(27t),sin(27t)) and to prove that there exists a z € Z such that ¢ =t + z.

(cos(2nt’), sin(2mt")) = (cos(2mt), sin(27t)) = ¥ = 2™t
:> e2TI"L’(t*t/) — 1
—=t—t €Z.
f is surjective: for each p € S* there exists a t € R such that p = (cos(2mt), sin(27t)).

f is continuous: it suffices to assume that U C S! is open and to prove that f~1(U)
is open.

(fp)~'(U) is open
7

< true [f is continuous]. O

f71(U) is open <= p ' f~1(U) is open [definition of quotient topology]
< (fp)”
<= [~ (U) is open [commutative diagram)]

12



4 Exercise sheet No. 4

Exercise 4.1. Consider a non-empty product space X = []ycp X). Show that X is
Hausdorff if and only if X is Hausdorff for every A € A.

Solution. (<=): Assume that X is Hausdorff for every A € A, and let © = (z))xen,
y = (ya)aea be distinct points in X. Let Ay € A be such that x), # y,,. Since X, is
Hausdorff, there exist open sets U,,, V), in X, which respectively contain z,, and y,,,
and which are disjoint. Define Uy := V), := X, for A\ # A\, and let

U .= HU)\, VIZHV)\
AEA AEA

Then by definition U and V' are elements in the natural basis for the product topology
in X, containing respectively x and y, and which are disjoint by construction. Then X
is Hausdorff.

(=): For the other direction, assume that X is Hausdorff. Fix Ag € A, and consider
Ty, F Y, distinct points in X,,. Choose an arbitrary point x) = y) € X, for A # Ag
(here we use that X, # @ for every \), and consider z = (2))xean, ¥ = (Yr)aer € X.
Then x # y by construction, and since X is Hausdorff, we may find open sets U and
V, satistying z €e U, y € V, UNV = @. Since U and V are the union of elements in
the natural basis for the product topology, we may assume without loss of generality
that they are themselves elements in that basis, i.e. they are of the form U = [] cp U,
V' = Tlxea Vo with Uy = X, except for finitely many A, and similarly for Vy. If z,, €
Uy, N Vy,, then we may define z = (z))rea, Where z, = x, = yy for A # Xo. By
construction z € U NV, which is absurd. It follows that Uy, N V), = &, and so X, is
Hausdorft. O]

Exercise 4.2. Show that the canonical projection py : X = [],ep X, — X, is continu-
ous.

Solution. Let Uy C X, be an open set. Then

p)_\l(UA) = H U;m

BEA

where U, = X, for p # A. This is an element in the natural basis for the product
topology, and therefore p, is continuous. [

Exercise 4.3. Show that a topological space (X, Q) is Hausdorff if and only if there
does not exist a filter of X that converges to two different points.

Solution. (= ): It suffices to assume that F is a filter on X, x,y € X, F converges to
x and F converges to y and to prove that x = y. Assume by contradiction that x # v.
Then, since X is Hausdorff, there exist U,V C X open such that x € U,y € V and
UNV = @. By definition of U,, U € U,. Since F converges to x, U, C F. So U € F.
Analogously, V' € F. Since

o ¢ F [F is a filter]
>UNV [UV e F and def. of filter]

13



=0,
we obtain a contradiction.

(<=): Assume by contradiction that X is not Hausdorff. We derive a contradiction
by showing that there exists a filter F on X and points x,y € X such that F converges
to x and F converges to y. Since X is not Hausdorff, there exist x,y € X such that if
U is a neighbourhood of x and if V' is a neighbourhood of y, then U NV # @&. Define

F ={W e P(X) | U a neighbourhood of x:
3V a neighbourhood of y: UNV C W},

We show that F is a filter.

F # @: because X € F.

Ae Fand A C B=— B € F: Since A € F, there exists U a neighbourhood of x
and there exists V' a neighbourhood of y such that UNnV C A. Then, UNV C A C B,
so B e F.

Ae Fand Be F = ANDB € F: Since A € F, there exists U a neighbourhood
of x and there exists V' a neighbourhood of y such that U "'V C A. Since B € F,
there exists U’ a neighbourhood of x and there exists V'’ a neighbourhood of y such that
UnNV'C B. DefineU" =UNU and V" =V NV Then, x € U, y € V" and
ANBO (UNV)NU'NVHY=UnU)N(VNV)=U"NnV" so ANB € F.

@ ¢ F: Assume by contradiction @ € F. Then there exist U a neighbourhood of x
in X and V' a neighbourhood of y in X such that UNV C @. By the property of x and y
above (which comes from the fact that X is not Hausdorff), U NV # @. Contradiction.

So, we conclude that F is a filter.

We now show that F converges to x. It suffices to assume that A € U, and to prove
that A € F. Since A € U, there exists a U open such that x € U C A. Define V = X,
which is a neighbourhood of y. Then, UNV =UNX =U C A, so A € F. Analogously,
F converges to y. This is a contradiction, because x # y and filters on X have unique
limits. O

Exercise 4.4. Let X = [],c, X\ be a product of topological spaces and F be a filter
on X. Show that F converges to x = {x)}xea if and only if py(F) = {pr(A) | A € F}
converges to x, for all A € A.

Solution. We start by showing that for all A € A, py(F) is a filter, so that we can talk
about it converging to a point.

pA(F) # @: Since F is a filter it is nonempty, so there exists A € F. Then,
pA(A4) € pa(F).

A€ py(F)and A C B = B € p\(F): Since A € py(F), there exists A’ € F such
that A = py(A’). Define B’ = p,*(B). Then, since p, is surjective, B = py(B’). Since

A" Cpyt(pa(A)

fact about preimages|

[
=px (4) [A PA(A)]
Cpy'(B) [AC B
=B [def B,

A" C B'. Fisafilter and A" € F, so B' € F. Since B = p\(B’), B € p\(F).

14



A € pa(F) and B € p)(F) = AN B € p\(F): Since A, B € p\(F), there exist
A", B" € F such that py(A") = A and py(B’) = B. Since F is a filter A’ N B’ € F.
Therefore py(A'N B’) € pA(F). Since pA(A' N B’') C pa(A") Npa(B') = AN B, and using
the previous property of filters that we just proved, AN B € p,(F).

@ ¢ pa(F): Assume by contradiction @ € py(F). There exists A € F such that
@ =pr(A). Since A € F, A # &. Therefore p\(A) # @ which is a contradiction.

(=): It suffices to assume that A € A, that A € U,, (i.e. IU C X, open such
that ) € U C A) and to prove that A € p)(F) (ie. A" € F: A = py(A’)). Define
U' =py'(U) and A’ = py'(A). Since

zy €U = p\(z) €U
— z € p,'(U)
—zecl,

and

UcA=p,'(U) Cpy'(A)
— U C A,

then A" € U,,. Therefore A" € F. Since p, is surjective, py(A’) = A.

(«<=): It suffices to assume that A € U, and to prove that A € F. Since A € U,,
there exists U C X open such that z € U C A. By definition of the product topology,
there exists a family {Uy}xea, where U, C X is open for each A, such that

ze [[UnCU
AEA

and there exist A1,..., A, such that for all A € A\ {\,...,\,} we have that U, = X,.
Then, [Tyea Ur = ﬂ?zlp;il(U,\i), because

ye [[Uy<=VAeA:y, el,
AEA
<:>Vi:1,...,n:y)\iEU)\i

= Vi=1,...,n:p\(y) € Uy,
—=Vi=1,...,n:y€p;(Uy)
i=1
By definition of U,,, Uy € U,, C pr(F) for every A € A. By definition of py(F), for

every A € A there exists an Ay € F such that Uy, = py(A,). By definition of filter,
N, Ay, € F. Since

ﬁ Ay, C ﬁp;}(m [Ax C Py (pA(AN)) = py (U]

i=1 i=1

=110
AEA
cU

CA
and by definition of filter, A € F. O
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Exercise 4.5. Let X be a set and z € X. Show that
F.={AeP(X)|ze A}
is an ultrafilter on X.

Solution. We show that F, is a filter. F, # @: Since z € X, X € F,.

Ae F,andACB=—BeF, Ac F,—r€A=—r e B=— BeF,.

Ac F,and Be F, — ANnBe F,: Ac F,N\BeF,<—xrecANre B<=zx¢€
ANB<+<= ANB e F,.

o ¢ F,: FeF, — x €I < false.

So, F, is a filter.

We show that F, is an ultrafilter. It suffices to assume that F is a filter, F is finer
than F,, and to prove that F = F,. Since F is finer than F,, F, C F. It remains to
show the opposite inclusion. For this, it suffices to assume that A € F and to prove that
x € A. Assume by contradiction that = ¢ A. Then, X \ A € F, because

r¢A—=recX\A
— X\AecF,
= X\AeF [F, CF.

Now @ = X N (X \ A) € F because X, X \ A € F. But since F is a filter & ¢ F.
Contradiction. O
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5 Exercise sheet No. 5

Let A be a nonempty set. For each A € A, let X, be a nonempty set. Define

X = {(L,z) ‘ LCA,z€ HXA}.

AeL
Exercise 5.1. Show that X is nonempty.

Solution. Since A is nonempty, we can choose A € A. Since X is nonempty, we can
choose z € X,. Define L = {A} (L is a set with one element). Then, (L, z) € X, because
L={\} CAand

H X)\/: H X)\/

NeL Ne{A}
= XA
S z. O

For Ly C Ly C A, define the canonical projection py, 1,: [er, Xo — Iler, Xa by

pL1,L0((:EA)>\EL1) = (mA)AGLO‘
Define a binary relation on X' by declaring (Lq, 21) > (Lo, 20) if and only if L; D Lg

and zo = pr,,1,%1-
Exercise 5.2. Show that > is a partial order.

Solution. Step 1: we show that if L C A, then pr; = id: [, Xa — TLer Xa.
This is because if (za)rer, € Ilner X», then by definition of the canonical projection

PL.r((Ta)rer) = (TA)rer-
Step 2: we show that if Ly € Ly € Ly C A, then pr, 1,Pr,,0, = PrL,,1,- For this,
notice that if (z))aer,, then

DLy LoPLo.Ly (TX)aeLs) = DLy ((Ta)rer,) [def. pr, 1]
= (Tx)reLo [def. pr, 1]

= pL27L0((x)\)>\EL2) [def pL27L0]'

Step 3: > is reflexive. It suffices to assume that (L,z) € X and to prove that
(L,z) > (L, z). This is true because L O L and (by step 1) z = pL 2.

Step 4: > is transitive. It suffices to assume that (Lo, 29), (L1, 21), (Lo, 22) € X,
(Lo, z5) > (L1,21) > (Lo, 20), and to prove that (Ls, z5) > (Lo, z09). For this, we show
that L2 2 LQ,

and that zy = pr, 1,22,

PLa,Lo%2 = PLy,LoPLa,1 %2 DY step 2]
= le,LOzl [(LQ, 22)
= %0 (L1, 21)
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Step 5: > is antisymmetric. If suffices to assume that (Lo, 29), (L1, 21) € X, (Lo, 20) >
(L1,2) and (L1,21) > (Lo, 20), and to prove that (Lg, z0) = (L1,21). To show that
Ly = Ly, notice that Ly 2 L; (because (Lo, 20) > (L1,21)) and Ly O Lo (because
(L1, 21) > (Lo, 20)). To show that zy = z1, notice that

20 = prirozr (L1, 21) > (Lo, 20)]
=PLi,L, 1 [Ll = Lo]
=2z [by step 1]. O

Exercise 5.3. Let H C X be a totally ordered subset. Show that H admits an upper
bound in X.

Solution. If H is empty, then the result is true, because any element of X’ is an upper
bound. So we may assume that H is not empty. Let L = U, .o)enr Lo € A, and define
z € [her X via 2y = (20)a, if A € Lo with (Lo, 29) € H. The fact that this is well-
defined follows from the condition that H is totally ordered: if A also satisfies A € L, and
(L1, 21) € H, then assume up to changing roles that Ly C Ly, 29 = pr, 1,21 But then
(20)» = (21)x. This shows that (L, z) € X, and by definition we have (L, z) > (Ly, zo)
for every (L, z0) € H. This means that (L, z) is an upper bound for H in X. O

Exercise 5.4. Let (L, z) be a maximal element in X', which exists by Zorn’s Lemma.
Show that L = A.

Solution. Assume by contradiction that L C A. Take A € A\L, and z, € X, (here we
use that X # @). Define L' = LU {A}, and 2’ € [[yep Xy via 25, = 2y if X # A,
2\ = z). But then (L', 2") € X, (L',2") > (L, z), which is a contradiction since (L, z) is
maximal. [
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6 Exercise sheet No. 6
Exercise 6.1. Let (X, d) be a metric space. Show that d': X x X — R, defined by

d(z, y)
d =9 X
(Jhy) 1+d($,y)’ x;ye 9

is also a metric.

Solution. Non-negativity of d’, as well as its symmetry and the fact that it vanishes
precisely when = = y, all follow immediately from the corresponding property for d. We
therefore check the triangle inequality.
Consider the function
f:]0,400) — [0, +00)

defined by
t
) = ——
/) 1+t
Note that d' = f o d. We have
1
=
(1+1¢)2

which is everywhere strictly positive, and so f is strictly increasing.
Let z,y, 2z € X. Combining this fact with the triangular inequality of d, we have

d'(z,y) = f(d(z,y))
< fld(z,z) + d(z,y))
 dw, ) ey
1+d(z,2)+d(z,9)
< fld(z,2)) + f(d(z,y))
=d(x,2) +d(z,y).

Exercise 6.2. Show that d and d' induce the same topology.

Solution. First, we prove the following general fact:
Fact: A metric topology is characterized by all its convergent sequences.

This means that, if d; and dy are two metrics on X, then they induce the same
topology on X if and only if they have the same convergent sequences (i.e. if (x,)nen
converges in Oy, to x € X, then it also converges in Oy, to x € X, and viceversa).

Proof of Fact. We prove that the closed sets for Oy, are the same as the closed sets
for Og4,, which by symmetry implies Oy, = Oy, .

Let C' be closed for Oy, , and let x be a limit point of C for Og4,. Since the topology is
metric, there exists a sequence (z,,),eny C C which converges to x in Oy,. By assumption,
(Zn)nen C C also converges to x in Oy,. But since C is closed for Oy, we have z € C.
Then C' contains all its limit points with respect to Oy,, and so it is closed with respect
to OdQ. |
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Using the above fact, it suffices to show that d and d’ have the same convergent
sequences. Assume that (z,)neny converges in Oy to © € X. Then

d(x,, )

d = _Tm
(xnax) 1 _'_d(l_n’l_)

< d(z,,z) =0,
asn — 400, and so z,, converges in Oy to z. Reciprocally, assume that (z,,),en converges
in Oy to x € X. This implies that d(x,,z) is bounded: indeed, if it is not, there exists
a subsequence x,, for which d(z,,,r) — 400 as k — +oo. But then d(z,,,z) — 1 as
k — 400, which is absurd. Then we may find M > 0 such that d(z,,z) < M for all n.
Moreover,
d(x,,x) < d(x,, x)
1+M — 1+d(z,, )

as n — +oo. This implies that (z,),eny converges in Oy to x € X, and finishes the
proof. [

=d'(x,,z) — 0,

Exercise 6.3. For each i € N, let (X}, d;) be a metric space. For each i define a metric
d; as in exercise 6.1. Let X = [[;cy X;. Define

d: X xX —R
for © = (2;)ien € X and y = (y;)ien € X by
o 1 ,
i=1

Show that d is well defined, that is, that the sum above converges and that d defines a
metric on X.

Solution. We show that the sum d(z,y) = 3%, 5d;(x;,y;) converges. For this, note that

1 1 di(wi,

L s ) = i@ )
2 201+ dz(ZL‘Z, yz)
1
< )

< 5

so each term of this series is smaller than the corresponding term of a geometric series.
Since the geometric series converges, the series defining d(x,y) converges as well.

We show that d is a metric.

d is a real valued non-negative function: d is a convergent sum of positive terms.

d is non-degenerate, i.e. Vo,y € X: d(z,y) =0 <=z =y:

d(z,y) = 0= > di(zi,y:) =0 [def. d(z,y)]
i=1
<= VieN: d;(z;,y;) =0 [sum of > 0 terms is 0 iff each term is 0]
<~ VieN:z =y, [d} is a metric on X}]
= r=y [def. of TT32, X;].
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d is symmetric, i.e. Yo,y € X: d(z,y) = d(y, x):

Z o di(z;,y;)  [def. d(x,y)]

=3 Sy (o) is symmeric
i=1
=d(y,x) [def. d(y, x)].

d satisfies the triangle inequality, i.e. Vx,y,z € X: d(z,2) < d(z,y) + d(y, 2):

QL
=
X

I
M8

-di(zi, %) [def. of d(x, 2)]

-
I
—

(di(ws, i) + di(ys, zi)) [d} satisfies the triangle inequality]

@
Il
—_

IA
e
el

.g'ﬁg

-di(i, ys +222 (yi, 2i)
y) +d(y, 2) [def. of d(z,y)]. m

-
Il
—

I
=
a

Exercise 6.4. Let d be the metric on X = [[;cny X from exercise 6.3. Show that the
topology Oy on X induced from d coincides with the product topology.

Solution. Denote by B the basis of the product topology on X. Denote by Og the
product topology on X. We need to show that Oy = Og.

We show that O; C Og.

Step 1: we show that it suffices to assume that = € X, r > 0, y € B,.(z), and prove
that there exists B, € B such that y € B, C B,(x). For this, let U be open in O4. Then,
for each z € U there exists r, > 0 such that € B, (z) C U. Then,

U= B.(z) VxeU:z e B, (x) CU|
zeU
=J U B, WyeB,(z):y€B,C B, ().
z€U yeByr, ()

Each B, is in Op by definition of Og, and since Oy is a topology U is also in Op.
Step 2: We define B,. Define ¢ = r — d(z,y) > 0. There exists an N € N such

that >>7° v 21 < 5, since the sum Zl 1 211 converges. There exists an ' such that
N 1 o . .
Yit1 5777 < & because the map (—1,+00) — R given by x —— - is smooth,

strictly increasing, and maps 0 to 0. Then define U/ = B, (y;) if i < N and U} = X; if
i > N. Define B, = [[;en U/. Then, by definition of B, B € B.

Step 3: we show that y € B C B,(z). It's immediate that y € B. For B C B,(x),
it suffices to assume that z € B and to prove that z € B,(z). Notice that since the

function x —— T4 1s strictly increasing and Vi < N': di(yi,z;) < r', we have that

(yz Zz) r’
vi < N: 1+d;i(yi,2i) < 147"

d(z, z) < ( y) +d(y, ) |
— 1 yzazi
+Z§ + di(yi, zi)

=1
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1 dilyi =) =1 diys )
— d x7y + — T 19 i — 1 19 ~1
( ) ;211+d(y1,21) i %;_1 2’1+dl(y2,zl)
N1 di(yi 2
<d(z,y)+)> — Dt —
;211+d(yl,zz) ; %;rl 21
N 1
=1 i=N+1
e €
< d(:z:,y) + 5 + 5
=d(z,y) +¢
=r.

We show that O; D Og.

Step 1: we show that it suffices to assume that B € B, x € B, and to prove that
there exists 7, > 0 such that B, (z) C B. For this, let U be open in X with respect to
the Op. Then, there exists a collection {B;};c; C B such that U = U;c; B;.

v=UB,
jeJ
= U B..(2) [VzeB:z€B,(z)C B

jEJ CEGBJ'

Each B, (x) is in Oy by definition of Oy, and since Oy is a topology U is also in O,.

Step 2: we define r,. By definition of basis for the product topology, there exists
{U; }ien such that U; C X; is open, U; # X; only for finitely many i’s, and B = [[;cn Us.
There exists an N € N such that for all > N we have U; = X;. For each 7« < N, since
each U; is open and X; is a metric space, there exists r; > 0 such that B,,(z;) C U,.
Define " = min{ry,...,ry} and r, = QLN 11;,.

Step 3: we show that B, (z) C B. For this, it suffices to assume that y € B, (z) and
to prove y € B. For this, it suffices to show Vi = 1,..., N: y; € B.(x;), because then
Vi=1,...,N:y; € BT/(ZL‘,') C Bn(xl) cU;.

yeBrz( ) ( )<Tw
01 di(xy, y)
AU T
22 1+ di(xi,y5)
di(xi, yi ; !
viet, N @) i oy, T
1+ di(zi, yi) L+

= Vi=1,...,N:di(z;,y) <71,

where the last implication follows because (—1, +-00) — (—00,1),z — 7 is a strictly
increasing smooth bijection. O

22



7 Exercise sheet No. 7

Exercise 7.1. Show that homotopy is an equivalence relation on the set of continuous
functions from X to Y.

Solution. For f,g: X — Y continuous, write f ~ g when f is homotopic to g, i.e. there
exists H: [0,1]x X — Y continuous such that Vo € X: H(0,z) = f(x), H(1,z) = g(x).

Reflexive: it suffices to assume that f: X — Y is continuous, and prove that f is
homotopic to f. Define H: [0,1] x X — Y by H(t,z) = f(z). Then, H is continuous
and Vo € X: H(0,z) = f(z), H(1,z2) = f(z). By definition of homotopy, f is homotopic
to f.

Symmetric: it suffices to assume that f,g: X — Y are continuous, that f ~ ¢, and
to prove that g ~ f. Since f ~ g, there exists H': [0,1] x X — Y continuous such
that Vo € X: H'(0,z) = f(z), H (1,2) = g(x). Define H: [0,1]x X — Y by H(t,z) =
H'(1 —t,z). Then H is continuous and Vo € X: H(0,z) = g(z), H(1,z) = f(z). By
definition of homotopic, g ~ f.

Transitive: it suffices to assume that f,g,h: X — Y are continuous, that f ~ g¢
and g ~ h, and to prove that f ~ h. Since f =~ g, there exists H;: [0,1] x X — Y
continuous such that Vo € X: H1(0,2) = f(x), Hi(1,x) = g(x). Since g ~ h, there exists
Hy: [0,1] x X — Y continuous such that Vx € X: Hy(0,2) = g(z), H2(1,2) = h(x).
Define H: [0,1] x X — Y by

Hy(2t if ¢ 1/2
H(t,ZE) _ 1( 7ZL’) 1 S [07 / )

Hy(2t —1,2) ifte[1/2,1].
Then, H is continuous, since for t = 1/2 we have H(21/2,2) = Hy(1,z) = Hy(0,2) =
Hy(1 —21/2,2z). Also, Vo € X: H(0,z) = f(z),H(l,z) = h(z). By definition of
homotopy, f =~ h. [

Exercise 7.2. Let (X,Ox), (Y,0Oy) and (Z,0z) be three topological spaces and let
fo,fi: X — Y and gp,9:: Y — Z be two pairs of homotopic continuous functions.
Show that gofo and g; f1 are homotopic continuous functions from X to Z.

Solution. Since fy ~ fi, there exists F': [0,1] x X — Y continuous such that Vz €
X: F(0,2) = fo(x), F(1,z) = fi(x). Since gy ~ g1, there exists G: [0,1] x X — Y
continuous such that Vo € X: G(0,x) = go(x), G(1,2) = g1(x).

We show that gofy ~ gofi. For this, define H: [0,1] x X — Z by H(t,x) =
go(F(t,x)). Then, H is continuous and Vo € X: H(0,z) = gofo(x), H(1,2) = gofi(z).
By definition of homotopic, gofo >~ gof1-

We show that gof1 ~ ¢1 f1. For this, define I': [0,1]xX — Z by I(t,z) = G(t, fi(z)).
Then, I is continuous and Vz € X : ](0 x) = gofi(x),I(1,2) = g1 f1(x). By definition of

homotopic, gof1 =~ g1 f1.
So, gofo =~ gof1 =~ g1 f1. Since ~ is an equivalence relation, gofo =~ g1 f1. [

Exercise 7.3. Show that the notion of homotopy equivalence defines an equivalence
relation on the set of topological spaces.

Solution. We write X ~ Y to denote that X is homotopy equivalent to Y.
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Reflexive: X ~ X is homotopy equivalent to itself, since if f = g =id: X — X is
the identity map, then f o g = g o f = id, which is homotopic to id via the constant
homotopy H : [0,1] x X — X, H(-,z) = x.

Symmetric: X =~ Y means that there exist f: X — Y and ¢g: Y — X such that
fog~idy, go f ~1idx. This definition is clearly symmetric in X and Y.

Transitive: f X ~Y Y ~Z let f: X =-Y,g:Y > X  k:Y - Z,1: Z— Y, such
that fog~idy, go f ~idx, kol ~idz, l ok ~idy. Then

(kof)o(gol)=ko(fog)ol~koidyol=kol~1idy.

Similarly one checks that (gol)o (ko f) ~idx.

Note that we are using the general fact that if a ~ b, then a o ¢ ~ b o ¢ for arbitrary
maps a, b, ¢, and similarly for composition on the left. This is proved as follows: if H is
a homotopy between a and b, then H o ¢ is a homotopy between a o ¢ and bo c. O]

Exercise 7.4. Compute the zero-th Betti number by(X) in the case where X is an
arbitrary set with the discrete topology, or with the trivial topology.

Solution. We consider the case of the discrete topology, where Ox = P(X) is the pow-
erset of X. In this case, we prove:

Claim: A map v :Y — X from a compact and connected space Y is continuous if
and only if it is constant.

Indeed, we have

= U +'{=}.

zey(Y)

Since {z} is open for all z € X and ~ is continuous, we have y~!({z}) is open for all
x € y(Y). Using compactness of Y, we find finitely many z;,...,x, € v(Y) C X for
which

Y =Ur"({zi})
i=1
Consider
I={i>1:7"({m}) Ny ({z:}) # &}
Note that x; = x; for every ¢ € I, by definition of /. We now reorder all indices ¢ > 1,

sothat I = {1,...,k},and i ¢ I for i > k. If k = n, we are done, since z; = z; for all
i€ I andso U’ v '({z;}) =7 '({x1}). But if k£ < n, then

“{z ) Uy (i)

>k

is the disjoint union of two open sets, which contradicts the assumption that Y is con-
nected. This proves the claim.

Setting Y = [0, 1] in the above claim, which is compact and connected, we obtain
that the path connected components of X are of the form {z} for v € X, ie. X = X/ ~.
This implies that by(X) = #X is the cardinality of X.

In the case of the trivial topology Ox = {X, @}, we prove:

Claim: Fvery map v :Y — X is continuous for any topological space Y.
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Indeed, an open set U C X is either U = X (and so v~ }(U) =Y is open) or U = &
(and so y~1(U) = @ is also open). This proves the second claim.

Setting Y = [0, 1], this implies that there is only one path component in X, since for
x,y € X we can just take any map 7 : [0,1] — X with v(0) = z and (1) = y, and so
x ~ y. This means that X/ ~ contains a single point, and so by(X) = 1. O
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8 Exercise sheet No. 8

Exercise 8.1. Compute the zeroth Betti number of S™ for all n € Nj.

Solution. We show that by(S°) = 2. Notice that S° = {z € R||z|| = 1} = 1}
Denote by €} the path component of S° containing 1. Then, C' = {1} or C = 1}
C equals {—1, 1} if and only if there exists a continuous map ~v: [0,1] — {—1,1} such
that v(0) = 1 and (1) = —1, which is false. So C} = {1}. By a similar argument, the
path component of S° containing —1 is C_;. Then,

(-1
(-1

bo(S%) = #(S°/ ~) [def. of bo]
= #{-1}1{1}}
=2.

We show that ¥n > 1: by(S™) = 1. This is equivalent to S™ being path connected.
So, it suffices to assume that x € S™ and to prove that there exists a continuous map
v:[0,1] — S™ continuous such that v(0) = N = (1,0,...,0) and y(1) = z. In the
case where z = N, let v be the constant map at x = N. In the case where x = § =
(=1,0,...,0) € S™ C R™™ define v(t) = (cos(nt),sin(wt),0,...,0) € S™ C R*™'. Tt
remains to prove the result in the case where ¢ {NN,S}. In this case, there exists a
rotation matrix A € SO(n+1) such that A(N) = N and such that A~!(z) is of the form
A7 (x) = (cos(ms),sin(ms),0,...,0), for some s € [0,2). Then, define

v [0,1] — S™
t — (cos(mts),sin(nts),0,...,0),

and v = Ao~/. Then, v is continuous, v(0) = N and (1) = x. O
Exercise 8.2. Show that for n > 1 R" is not homeomorphic to R.

Solution. We start by showing that for every n € Ny, S" is homotopy equivalent to
R\ {0}. For this, define

g: R"\ {0} — 8" 1 8" — R™™\ {0}
X

— r— .
]

Then, g and ¢ are continuous and gt = idgn. We show that g is homotopic to idgn+1\ 0}
For this, define

H:[0,1] x R™™\ {0} — R"™\ {0}
(t,z) — teg(z) + (1 — t)z.

The following computations show that H is well defined:

teg(x)+ (1 —t)e =t— + (1 — t)x [def. of ¢, g]



:>t<—1> > -1 it e 0,1]]

:>(t(||xl”—1>+1>>0.

Also, H is continuous and for every x, H(0,z2) = x, H(1,z2) = tg(x). So, the maps g
and idgn+1\ (o} are homotopic, and S™ is homotopy equivalent to R™™ \ {0}.

To show that for n > 1 R™ is not homeomorphic to R, we assume by contradiction that
n > 1 and that there exists ¢: R” — R a homeomorphism. Then, ¢|gn\ (03 : R"\{0} —
R\ {¢(0)} is a homeomorphism. The following gives the desired contradiction (in the
next computation we denote homotopy equivalence by ~ and homeomorphism by =2):

= by(SY) [by exercise 8.1]

=bo(R\ {0}) [SY ~ R\ {0} and theorem 2.2 in lecture notes 7]

=b(R\ {¢(0)}) [R\{0} ZR\ {¢(0)} and theorem 2.2. in lecture notes 7|

= bp(R"\ {0})  [R" \ {0} =R\ {¢(0)}, by our assumption]

= bo(S" 1) [S"~1 ~ R"™\ {0} and theorem 2.2 in lecture notes 7|

=1 [by exercise 8.1]. O

Exercise 8.3. Draw an i-simplex for ¢ = 0,1,2. Show that the i-simplex is homeo-
morphic to a point (i = 0), an interval (i = 1), a triangle (: = 2) and a tetrahedron
(1=3).

. i+1 i+1
Solution. Recall that A" = Zt e;:0<¢; <1 Zt =1, . Note that for i« = 0, this

is just the singleton A? = {el}
To understand the cases ¢ > 0, consider the projection map

p: R+ 5 R

(tl, c. 7ti+1) — (tla c. ;ti>7
i+1
where we identify the point Y ¢;e; with the tuple (¢, ...,t;+1). The image of A* C R™!
j=1
is precisely

p(AY) = {Ztej 0<t<1 Zt <1}
J=1

For + = 1,2, 3, this is respectively an interval, a trlangle, and a tetrahedron (see Figure

1). Moreover, the restriction p|a: : A® — p(A?) is a (linear) homeomorphism, with

inverse map

Pl p(A) = A
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Figure 1: The i-simplex A’ is depicted in blue, and its image under the projection map
p is depicted in red.

[]

Exercise 8.4. Let (X,Oyx) and (Y,Oy) be homeomorphic topological spaces. Show
that b, (X) = b,(Y) for every n.

Solution. In the language of category theory, we first show that taking the homology
of a topological space is functorial. This means that not only we can associate the
vector space H,(X) for every topological space X, but we may also associate a linear
map f. : H,(X) — H,(Y) for every continuous map f : X — Y, which preserves
compositions in the sense that (f o ¢g), = fi o g, (this means that H,, is covariant as a
functor), and maps the identity to the identity, i.e. (id), = id.

Indeed, given a continuous map f : X — Y, and given any n, we start at the
chain-level, by defining the map

fe : Cu(X) = CL(Y)

first by prescribing that f.(¢) := f o ¢ for every basis element ¢ (a continuous map
¢ : A" — X), and then extending to C,(X) as the unique possible way of getting a
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linear extension, i.e. via

f*(zrjqu):erf*(qu 27‘] 0 ¢;).

In order to have a well-defined map in homology, we need to check that f, commutes
with the differential, i.e. that
dnof* :f*odn'

Note that both sides are linear, so it suffices to check the equality on basis elements ¢.
For this we observe that 97 (f o ¢) = f o0 97¢, for every basis element ¢, simply because
92 ¢ is the restriction of ¢ to the j-th face of A™. Then

n+1

(o 100 = =S (V0 o 6) = = S (1) oo = (oo

=1

From the above equation, we see that f, maps cycles to cycles (i.e. it preserves ker d,,)
and it maps boundaries to boundaries (i.e. it preserves im d,,), and so we obtain a linear
map

fe: Hy(X) — H,(Y),
at the level of homology, which is defined as

flo] = 1f(9)] = [f o 4],

where [¢]| denotes the homology class of a basis element ¢ (and f, is uniquely extended
to a linear map).
It is now easy to check that we have the equations

(fog) = fiogs (id). =id,

for any pairs of maps f, g, which follows from the same equation at the chain level.
If f is a homeomorphism, the functorial properties of H, immediately imply that f,
is an isomorphism. Indeed, if ¢ is its inverse, then

fi0g.=(fog) = (id). = id,

and similarly g. o f. = id. This means that g, is the (linear) inverse of f..
In particular, if X and Y are homeomorphic, then their homologies H,,(X) and H,,(Y")
are isomorphic as vector spaces (for every n), and so their ranks (the Betti numbers) are

the same:
b,(X) =dim H,(X) = dim H,(Y) = b,(Y).
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9 Exercise sheet No. 9

Exercise 9.1. For n € Ny, show that

D Ha(lx])

[z]eX/~

Solution. For a set S, denote by F(S) the free vector space over R generated by the
elements of S. Denote by C°(Y, Z) the set of continuous maps from a topological space
Y to a topological space Z. So, using this notation, C,,(X) = F(C°(A", X)).

First, note that

Cn(X) = F(C(A™ )) [def. of Cpp(X)]
=F C [z] [~ is an equivalence relation]
( x]EX/N )) !
=r( U c(ani)

= F(cana]) il

= Cr([z]) [def. of Cy,([z])].

Here, x is because C° (A” Upgex/~ [z ]) = Upex/~ C° (A", [x]) We prove each inclu-
sion of this equality of sets. (C) : If ¢ € CO(A", Upjex ({ , then since ¢ is continuous
we have that 3![z] € X/ ~ ¢(A") C [z]. So, s € C A” [ 1) C Upexs~ CO(A™, [2]).
(D) : If ¢ € Upjexy~ CO(A™, [2]), then by definition of dlSJOiIlt union there exists an
[#] € X/ ~ such that ¢ € C°(A" [z]). Then, ¢: A" — [2] = Upex/l2], s0
¢ € COUA™, Upexy~l2])-

And t is seen to be true by the following computation. For every family of sets

{S'L'}’L'617
F(Uj i) = g} F({a})

=D D F({a})

i€l a€S;

~ DF(s)

iel

For each n € Ny, d, is a linear map C,(X) — C,_1(X). By the previous equality,
d, is a linear map

dn:@C — P Coa(x

[z]€eX/~ [x]eX/~

Denote by d, [, the differential of the chain complex C'([z]):
dn 212 Cr([z]) — Cra([]).
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Then, by definition of d,,, d, respects this decomposition, in the sense that for each
[z] € X/ ~, d, maps Cy([z]) to C,—1([z]). By definition of d,, and d,, |5}, d,, restricted
to Cu([z]) is equal to d, ). Then, it’s possible to show kerd, = @jcx . ker dp (),
imd,, = Ga[z]eX/N imd, [, and imd,, 1z C kerd,, 4.

Now the result follows from the following computation:

kerd
H,(X) = - by def. of H,
(%) = g by det. of I,
_ Opjexykerdna .
= : [previous paragraph]
EB[x]eX/N 1m dn+1,[:p]

_ @ ker dn,[z] [&]
e x/~ 10 A1 fa]
@ H,([z]) [by def. of H,],
[z]€X/~

where & follows from the following general fact about linear algebra. If [ is a set and if
for every ¢ € I, V; is a vector space over R and W, is a subspace of V;, then

Dics Vi Vi
®i61 W zee?

To prove this fact, consider the following commutative diagram:

Ly v ;
W; V; i

LYVJ Jbz/ JLY/ w

In this diagram, ¢; is the inclusion, 7; is the projection coming from the quotient of V;
with W;, (¥, ) and LZV/ W are the inclusions in the direct sums, and 7 is the projection
coming from the quotient of @,.; V; with @,.; W;. By the universal property of the direct
sum, there exists a unique ¢ making the right square commute. It remains to show that
ker ¢ = @,.; Wi, because in this case, by the universal property of the quotient, there

Yi which is an isomorphism. For this,

exists a unique linear map ¢: Sg AN Dicr 1w

zEI

notice that for every (v;)ier € B;e; V

(vi)ier € ker ¢ <= d((vi)ier) = def. ker]
= (o1} (v3))ier [def. ¢ coming from univ. prop.]
— (1 / Wm(m))ze =0 [the diagram commutes]
= Viel: LV/WTQ(UZ') =0
< Viel: mv)=0 [ker I = 0]
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—Viel: v eW, [ker m; = W]
< (Ui)ief € @Wl O

iel
Exercise 9.2. Define singular homology using cubes, rather than simplices. Compute
the (cubical) singular homology of a point.

Solution. Given a topological space X and n € Ny, we let CZ(X) be the free R-vector
space generated by continuous maps ¢ : I — X, where I" := [0, 1]" is the n-dimensional
cube. We call such a map ¢ a n-cube in X, and elements in CJ(X), cubical n-chains in
X. We define the following face operators:

n n . gn—1 n .
Lo, 10 I = 1", 1 <0 <n,
n
]i,O(a17 . ,an_l) = (CLl, e ,ai_l,O,ai, . ,an_l)

];}1(0,1, e 7(ln_1) = (al, ey, 1,ai, e ,an_l).

Given an n-cube ¢: I" — X, 1 <i<nand k € {0,1}, we denote
Gig=¢oll\: 1" - X

its restriction to the (i, k)-th face. This operation extends linearly to C5(X).
We now define the operator

0: CH(X) — CY (X)

as the unique linear map which satisfies

for every n-cube ¢ in X.
We now check that 0 defines a differential. First, one easily checks that if 1 < i <
j<n-—1andk, €{0,1}, then
IlkoI”* —[}117[0[{},;1. (3)
This implies that
(Pin)ji = (Dir1.0)ik (4)

for any (n — 1)-cube ¢. Moreover, we have
Z+k¢z k)

00¢ = 0 (znj
z+k+]+l(¢z )

i=1k

|
_

n

||M

0,1

In this sum, (¢;41,);x appears with sign (—1)i+k+j+l+1, which is the opposite sign for
the term (¢;x);;. By Equation (4), we see that everything cancels out and we obtain
0? = 0. We may therefore define

H,(X) = ker(9: C)(X) — O (X)) /im(9: C1 (X) — (X))
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to be the homology of 0 in degree n.

We now compute the cubical homology of a point X = {pt}. Note that there is
unique n-cube ¢,, : I" — X, and so ¢; ; = ¢,_1 for every i, k. Therefore

Oy = ( ) (—1>”’“¢n1) =0

i=1 \k=0,1

since the term for ¢, cancels out that for ¢; ;. We obtain
HY(X)=R

for every n € Ny, generated by ¢,.

Remark. Note that this differs from the computation using simplices, since this
homology is non-zero in every degree (this is basically the fact that the standard simplex
A" has an odd number of faces for n > 2). This is remedied by modding out degenerate
chains, those n-chains which are the restriction of a (n+ 1)-chain to some face, i.e. which
lie in the image of a face operator. More on this in the coming weeks. [
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10 Exercise sheet No. 10

Exercise 10.1. Let (X, O) be a topological space and Qn(X) be the real vector space
spanned by the continuous maps ¢: [0, 1]" — X, and D,,(X) be the subspace spanned
by the degenerate maps. Here ¢ is degenerate if there is an i such that ¢(z1, ..., z,) does
not depend on x;. Now define the quotient space @Q,(X) = Qn(X )/ Dy, (X). Show that
the boundary operator d,: Qn(X) — Qn_1(X) that you have defined in the second
exercise of last week defines a boundary operator d,,: Q,(X) — Q,_1(X).

Solution. Step 1: we show that d,(D,(X)) C D,_1(X). To prove this, it suffices to
assume that ¢: I" — X is a continuous and degenerate map (i.e. there exists an
i =1,...,nsuch that q(x1,...,x,) does not depend on z;) and to prove that d,q € D,,_;.
Since

dng =Y (=1 (qgo Iy —qoI}y) [by def. of d, in exc. 2 of sheet No. 9]
=1
= Z (—1)(qo Iy —qo ];.fl) [q doesn’t depend on x;= ¢ o Iy =qo I;fl],
Je{l,...n}\{i}

it suffices to show that for each j € {1,...,n}\{i} both go I, and go I}, are degenerate
cubes. We show that q o I, is a degenerate cube. By definition of degenerate cube, we
need to show that there exists a £k =1,...,n— 1 such that qo [j’-fo(xl, ..o, Tp_1) does not
depend on zy. Define k =i ifi < jand k=7 —11if ¢ > 5. Then,

qoIfo(w1, ..., vp1) = q(21, .., 51,0, 25, . .., T 1) [by def. of I, in No. 9]

does not depend on z because g does not depend on ;. The proof of goI}; is degenerate
is analogous.

Step 2: we show that there exists a unique d,, : Q,,(X)/Dn(X) = Qn_1(X)/Dp_1(X)
such that the following diagram commutes:

Dy(X) " Qu(X) —"— Qu(X)/Du(X)

Cznan(X)l Lin \F!dn '
Dn—l(X) (Ln——1> Qn—l(X> % Qn—l(X)/Dn—l(X)

To prove this, by the universal property of the quotient, it suffices to assume that = €
ker 7, < ,,(X) and to prove that m,_1d,(z) = 0.

Wn,lczn(:c) = Wn,lcinbn(:c) [z € kerm,, = D, (X)]
= Wn_an_chn| Da(x) [the left square of the diagram commutes]

=0 [Tn_1 is quotient map = 7, _1t,_1 = 0].

Then, d,, is given by d,([z]) = [d.(x)], for each [z] € Q,(X).

34



Step 3: we show that d,d,.; = 0. Consider the following commutative diagram:

Dyi1(X) = Qi (X) = Qi (X)/Dyr (X)

d~n+1|Dn+1(X)J( ldnﬂ | elp41
g

Dy(X) —"— Qu(X) —— Qu(X)/Dn(X)

d"!LIDn(X>l Jdn J/E!dn
Dy 1(X) 5 Qua(X) 5 Qi (X)/Dya(X)

dpdpi1 =0 <= d,dpi 171 =0 [m,41 IS surjective]
= Ty 1dpdpi1 =0 [the diagram above commutes|
< true [by exercise 2 of sheet No. 9, dpdpi1 = 0]. O

Exercise 10.2. Let HS""(X) := kerd,/imd,; be the singular Homology with cubes
as in exercise 10.1 and bS"*(X) = dim H""(X). Show that for a point {p} the Betti
numbers are b§*({p}) = 1 and ¥n > 1: b<*({p}) = 0.

Solution. By exercise 2 of sheet No. 9, when X is a point we have d,, = 0 for all n > 0.
This implies that d, = 0 for all n > 0, because

d, =0<+=d,m, =0 [, is surjective]
— 7, 1d, =0 [diagram defining d, commutes]
<> true.

In other words, kerd,, = Q,({p})/Do({p}) and imd, = {0}. By exercise 2 of sheet No.
9, dim Q,({p}) = 1. It remains to compute dim D, ({p}). We claim that D,({p}) =
Q.({p}) if n > 1 and that Dy({p}) = {0}. If n > 1, then every ¢q: I" — {p} is
degenerate because ¢ is constant. Therefore D,({p}) = Q,({p}) and dim D,({p}) = 1
if n > 1. If n = 0, then the unique map ¢: I° — {p} is not degenerate (the definition

of degenerate is that i = 1,...,n: ¢ does not depend on x;, but here n = 0 so such an
i can’t exist). So Do({p}) = {0} and dim Dy({p}) = 0.
b ({p}) = dim H™(X) [by definition of b"®]
k
= dim —— dn [by definition of HSUP]
un dn-i—l
= dimkerd,, — dimimd,, [dimension of quotient of vector spaces|
= dim ulipd) dim{0} labove text]

Dn({p})

= dim Q,({p}) — dim D, ({p}) [dimension of quotient of vector spaces]

1—-0 ifn=0
= , [above text]
1—-1 ifn>1
1 ifn=
_ 1IIrn 0 ]
0 ifn>1
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Exercise 10.3. Show that for every path-connected topological space (X, O) we have
that bg™> = 1

Solution. Consider the following commutative diagram:

/
d1lpy (x) di . .
Do(X) —— Qo(X) —— Qo(X)/Do(X)
0

in\DO(X) do

{0} —— {0} —— {

Step 1: Do(X) = {0} and dimimd; = dimim d,. By definition of degenerate cube,
Dy(X) = {0}. Therefore, 7 is an isomorphism, and

dimimd; = dimimd; om [m is surjective]
— dimimmyod; [the diagram above commutes]

= dimimd; [7p is an isomorphism].

Step 2: dim Qo(X)/imd; = 1. We start by showing that for every 0,0 € C°({0}, X)
(which is the set of generators of Qy(X)) we have § — 0 € imd,. Define p = ¢(0) and
g = 6(0). Since X is path connected, there exists v: [0,1] — X continuous such that
7(0) = p and v(1) = ¢. Then, v € C°(I, X) (which is the set of generators of Q(X))
and d;y = 0 — 0. So, § — o € imd,. In other words, for every 0,6 € C°({0}, X) we have
[0] = [0] € Qo(X)/imd;. Now, choose any p € X and define o: {0} — X,0 — p.
Then, o € Qo(X) and it has a corresponding equivalence class [0] € Qo(X)/imd;. By
the previous discussion, Qy(X)/imd; is generated by [o].

Step 3: putting everything together.

05" ({p})

= dim H{™(X) by definition of 5]
= dim lfer do
imd,

= dim ker dy — dim im d;

dimension of quotient]

do: Qo(X /D30 )
— kerdy = Qo(X)/Do(X)]

[
[by definition of HS"]
[
[

= dim Qo(X) — dim Dy(X) — dimimd, [dimension of quotient]

= dim Qo(X) — dimim d, [by step 1, Dy = {0}]

= dim Qy(X) — dim im d; [by step 1, dimimd; = dimim d,]

= dim Qo(X)/imd, [dimension of quotient]

=1 [by step 2]. O
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11 Exercise sheet No. 11

In this exercise sheet we go over an introduction to category theory and homological
algebra. These are mathematical theories that can be used to talk about the various kinds
of homologies in topological spaces. We then use these new concepts from category theory
and homological algebra to solve exercise 4 (homotopy invariance of cubical homology)
from lecture notes No. 10. Your goals are to:

o read the sketch of the solution of exercise 4;

o read onwards to learn about the new concepts from category theory and homolog-
ical algebra;

e prove the lemmas in this text as they show up;

 in the end, use everything you learned to write the final step of the proof of homo-
topy invariance.

Exercise 11.1. Let (X,Ox) and (Y, Oy) be homotopy equivalent topological spaces.
Show that bS"P(X) = bS"P(X) for all n € Ny,.

Solution sketch. We start with a proof sketch. As we saw before, it’s possible to write
the singular homology (cubical or with simplexes) in the language of category theory
(definition 11.2 below) by saying it’s a functor (definition 11.5 below). For cubical
singular homology, we created a sequence of vector spaces Q),(X) together with maps
dyp: Qn(X) — Qn_1(X) (this data is what’s called a chain complex (definition 11.12
below)). Given these vector spaces Q,(X) and d,,, we can define the homology (see
definition 11.16) below of the chain complex @Q,,(X), which we are denoting by HS"P(X).
We will write down what we just said in terms of categories and functors: there are
categories Top of topological spaces, Vec of vector spaces over R, Comp of chain
complexes. Also, there are functors Q: Top — Comp (that to every topological
space assigns its chain complex, that is, the family of @,,’s and d,,’s - lemma 11.22) and
H,: Comp — Vec (that to every chain complex assigns it’s n-th homology vector
space):

Top BN Comp M Vec .

We saw this discussion already on exercise sheet No. 9 in the other case of homology
with simplexes. Now, we are going to consider extra notions on the categories Top
and Comp. Namely, in Top we have the notion of two maps of topological spaces
being homotopic and in Comp we have the notion of two maps of chain complexes
being chain homotopic (definition 11.14). In a way that we will make precise later, these
notions are "equivalence relations" (we are going to call these special equivalence relations
congruences - see definition 11.8 below) in our categories Top and Comp, and we can
define new categories Top/ ~, Comp/ ~ which are the "quotients" (definition 11.9). We
are also going to have "quotient maps" (definition 11.10) between the categories, which
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in this case are functors. So, we will have the following diagram:

Top e Comp M Vee
Top/ ~ Comp/ ~

Once we have all this machinery set up, the main steps to show that cubical homology
is homotopy invariant are going to be showing that the functors ) and H,, descend to
these quotient categories (lemmas 11.11, 11.19 and 11.23), so that we end up with a
commutative diagram

Top e Comp _ M Vec

d o

Top/ ~ — Comp/ ~

Having this commutative diagram would finish the proof, because if X and Y are ho-
motopy equivalent, then that means that in the category Top/ ~ they are isomorphic,
and then that means that H""(X) = H,Q(X) & H,Q(Y) = H(Y). Now we write
everything we said precisely/with more detail. [

11.2 Categories and functors
Definition 11.2. A category C is given by the following data

» A class C, whose elements are the objects of the category;

o For each A, B € C, a class Hom¢(A, B) of morphisms from A to B. For f €
Hom(A, B), we write f: A — B;

o For each A, B,C € C, a composition map

o: Hom¢ (A, B) x Home(B, C) — Home (A, C)
(f,9) — af

satisfying the following axioms:

(domain and target) For each A, B,C,D € C, Hom¢(A, B) N Home(C, D) = @. If
f: A— B, Ais the domain of f and B is the target of f;

(identity morphism) For all A € C there exists ids: A — A such that for all
f: A — B we have that idgf = f and fidy = f;

(associativity) If f: A— B, g: B— C and h: C — D then h(gf) = (hg)f.

A quick note: a category C is the class of objects and the class of morphisms. In
our definition, we wrote C for the class of objects as well. What we mean is that even
though the category itself and it’s class of objects are different things, we are committing
an abuse of language and denoting the category and it’s class of objects with the same
symbol. Some examples of categories are:

38



Example 11.3.
Grp, where objects are groups and morphisms are group homomorphisms;
Top, where objects are topological spaces and morphisms are continuous maps;

Vec, where objects are vector spaces over R and morphisms are linear maps.

Definition 11.4. Let C be a category and f: A — B be a morphism in C. f is
an isomorphism if there exists a morphism g: B — A such that f o g = idg and

go f=ida.

A functor is going to be a "morphism" of categories. A category has objects and
morphisms, so a functor from a category C to a category D should map objects of C to
objects of D and it should map morphisms of C to morphisms of D. A functor must
also preserve the other structure of the category, so it should preserve identities and
composition.

Definition 11.5. Let C, D be categories. A functor F from C to D, denoted F': C —
D is given by the data

o a function F': C — D,
o for each A, B € C, a function F': Hom¢(A, B) — Homp(F A, FB),
such that
(identity) VA € C: F(ida) = idp(a);
(composition) VA, B,C €C:Vf: A— B:Vg: B— C: F(gf) = F(9)F(f).

Lemma 11.6. Let C, D be categories, F': C — D be a functor, and f: A — B be an
isomorphism in C. Then, F(f): F(A) — F(B) is an isomorphism.

Proof. By definition of isomorphism, we need to show that there exists a morphism
h: F(B) — F(A) such that F'(f)h = idp) and hF(f) = idp). Since f is an
isomorphism, there exists a morphism ¢g: B — A such that fog =idg and go f = id 4.
Then,

F(f)F(g) = F(fg) [F is a functor, so it preserves composition]
= F(idg) |[f and g are inverses]

=idpp) [F is a functor, so it preserves identities],
and analogously F(g)F(f) = idp(a). O
Lemma 11.7. Let C, D, £ be categories and F: C — D, G: D — & be functors.
Then,
FG: C—E&
X — F(G(X))
[l LF(G(f))
Y — F(G(Y))

s a functor.
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Proof. FG preserves identities:

FG(idx) = F(G(idx))
= F(idg(x))

F'G preserves compositions:

G(f)FG(f). O

Definition 11.8. Let C be a category. A congruence on C is an assignment ~ that
for each ordered pair {A, B} of objects of C gives an equivalence relation ~4 p on
Hom¢(A, B), which satisfies the following property: for all A, B,C € C and for all
fif'tA— Bandforallg,¢: B— C,if f ~ap f',g~pc ¢, thengof~acgolf.

To make the notation simpler, we are going to omit the subscript in each equivalence
relation and write only ~ instead of ~4 p. But keep in mind that we have a family of
equivalence relations, one for each ordered pair of objects in the category.

Definition 11.9. Let C be a category with a congruence ~. Define the quotient
category of C, denoted C/ ~, as follows.

(Objects) Objects in C are objects in C/ ~;
(Morphisms) For A, B € C, Homg,(A, B) = Hom¢(A, B)/ ~;
(Composition) For [f]: A — B, [g]: B — C morphisms in C/ ~, [g] o [f] = [g o f].

By the definition of congruence, C/ ~ is well defined and is a category. We denote
by ida ~ = [id4] the identity morphism of the object A in C/ ~.

Definition 11.10. Let C be a category with a congruence ~, and let C/ ~ be its quotient
category. The quotient functor of C is the functor

7. C—C/~
A— A

fl—11f]
B+—— B.

It is routine to see that m: C — C/ ~ preserves identities and composition, so it is
a functor.

Lemma 11.11. Let C be a category with a congruence ~, let C/ ~ be the quotient
category of C, and let A be a category. If F': C — A is a functor such that for all
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A, B € C and for all morphisms f,g: A — B in C we have f ~ g = F(f) = F(g),
then there exists a unique functor F' such that the following diagram commutes:

c

LA

c/~

Proof. Uniqueness: if F”’ is such a functor, then for every A € C we have F'(A) =
F'(n(A)) = F(A) and for every [f]: A — B a morphism in C/ ~ (with representative
f: A— B) we have F'([f]) = F'(n(f)) = F(f). So, F’ is uniquely determined.

Existence: define F” with the equations above. We need to check that the definition
of F' on morphisms is well posed. This is true by the property "f ~ g = F(f) = F(g)".
We also need to check that F” given this way is a functor:

F'([f1lg]) = F'([f9g]) [def. composition in C/ ~]
- F(jy) (def. F
= F(9)F(9) [
= F([/DF(9]) |

F is a functor]

def. F'],

F'(ida~) = F'([id4]) [[id4] is the identity of A in C/ ~]
= F(ida)  [def. F]
[F' is a functor]
[def. F”]. O

= idpa)
— idF’(A)

11.3 Topological spaces

Again, with the definitions we just gave, there is a category Top whose objects are
topological spaces, morphisms are continuous maps, and such that composition of mor-
phisms is just the usual composition of functions. If we have two topological spaces
X,Y and continuous maps f,g: X — Y, then we have a notion of the maps f, g being
homotopic. We have already seen that "homotopic" is an equivalence relation and that
if f,f: X —Yandg,¢:Y — Z are two pairs of homotopic continuous maps, then
go fand go f" are homotopic. Therefore, "homotopic" is a congruence on the category
of topological spaces. Therefore, by lemma 11.11, we have a quotient category Top/ ~
and a quotient functor 7: Top — Top/ ~.

11.4 Chain complexes

Definition 11.12. A chain complex of vector spaces over R, C' is a sequence {C), } ¢z
of vector spaces over R and a sequence of linear maps d,: C,, — C,,_; such that
dyd,+1 = 0 for every n € Z (in other words, such that imd,;; C kerd,,).
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Definition 11.13. Let C'; D be chain complexes. A chain map from C to D is a
sequence of linear maps f,: C,, — D,, such that the following diagram commutes:

dC
o Ct —— -

W e

Dn Dn—14>"'

d?

The composition of two chain maps is again a chain map, so chain complexes of
vector spaces over R and chain maps form a category which we are going to call Comp.

Definition 11.14. Let C, D be chain complexes and f,g: C' —> D be chain maps. A
chain homotopy from f to g is a sequence of linear maps 7T,,: C,, — D,,.1 such that
fo—gn=dB T, + T,_1dS. In this case, we say that f is chain homotopic to g.

Lemma 11.15. "Chain homotopic" is a congruence on the category of chain complexes
of vector spaces over R.

Proof. We show that "chain homotopic" is an equivalence relation.

Reflexive: if f is a chain map, then 7}, = 0 is a chain homotopy from f to f.

Symmetric: if T}, is a chain homotopy from f to g, then —T,, is a chain homotopy
from g to f.

Transitive: If T}, is a chain homotopy from f to g and U, is a chain homotopy from
g to h, then T}, + U, is a chain homotopy from f to h:

= ngrlTn + Tn—ldg + d,lL)JrlUn + Un_ldg
= d??—}—l(Tn + Un) + (Tn_l + Un—l)dg

We show that in addition to being an equivalence relation, "chain homotopic" is a
congruence. For this, assume that f, f’ and ¢, ¢’ are chain maps and that 7, is a chain
homotopy from f to f’ and that U, is a chain homotopy from ¢ to ¢’. Then, g, 17T, is
a chain homotopy from gf to gf”:

Gnfn — gnfT/L = gn(fn - f’rll)
= gu(d) Ty + T 1dS)
= gnd]r?HTn + gnTn—ldS
= dr€+1gn+1Tn + gnTnfldrc;a

and by an analogous computation U, f; is a chain homotopy from ¢f’ to ¢'f’. By
transitivity, gf is chain homotopic to ¢'f’. O

By lemmas 11.11 and 11.15, we have a quotient category Cong/ ~ and a quotient
functor 7: Cong — Cong/ ~.
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11.5 Homology

Definition 11.16. Let C be a chain complex of vector spaces over R. The n-th Ho-

mology vector space of C'is H,(C) = %.

Lemma 11.17. Let C, D be chain complexes of vector spaces over R and f: C — D
be a chain map. Consider f,: C,, — D,. Then, f, maps imdS, , to imdZ,, and it
maps ker d$ to kerd?. Also, there exists a unique H,(f) making the following diagram
commute:

C C
. C 2% C Tn C /: C
imd,, , —— kerd;, —— kerd;,/imd;,,,

fnJ/ J{fn J{Hn(f) ?
D D

. D iy D T D /: D
imd,, , —— kerd;, —— kerd;/imd;,

which is given by H,(f)([z]) = [fu(x)] for each [x] € kerdS/imdS, ,. We say that
H,(f): H,(C) — H,(D) is the map induced by H, and f.
c

Proof. f, maps im dgH to im d? ¢ it suffices to assume that x € imd,;; and to prove
that f,(x) € imdZ ;. Since z € imdY, ,, there exists an a € C),11 such that d$ ,(a) = z.

fn(x) = fnd7€+1 (a) [def a]
=d? for1(a) [f is a chain map)
€ imd?,, [def. image].

f, maps kerd$ to kerd?: it suffices to assume that x € kerd{ and to prove that
fu(z) € kerd?.

dP f.(x) = fo_1dS(x) [f is a chain map]
= fn10 [z € ker dY]
=0.

There exists a unique H,(f) such that the diagram above commutes: by the universal
property of the quotient, it suffices to assume that z € kerdS is such that 7¢(z) = 0,
and to prove that 72 f,(z) = 0. Note that € ker7{ = imdS, ,, because 7¢ is the
quotient map.

o ful@) = m) faty (z) [ € imd,]
= P2 f.(x) [the left square commutes]
=0 [7P,D = 0.
For z € kerd$, H,(f) is given by H,(f)([x]) = [f.()], again by the universal property
of the quotient. H
Lemma 11.18. The n-th Homology vector space

H,: Comp — Vec
C+—— H,(C)

fl— 1 Hu.(f)
D — H,(D)

s a functor.
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ker d$

Proof. H, preserves identities: it suffices to assume [r] € H,(C) = -~ o with repre-
sentative = € ker dS and to prove that H,(idc)([z]) = idu, ) ([2]).
H,(id¢)([z]) = [(id¢)n(x)]  [def. H, on morphisms]
= [idg, ()] [identities on the category of chain complexes]
= [«]
= idp, ) ([2])-

H,, preserves compositions: let f: C' — D and g, D — E be morphisms of chain
complexes. It suffices to assume [z] € H,(C) = % with representative x € ker d
n+1

and to prove that H,(g)Hn(f)([]) = Ha(gf)([2]).

Hy(9)Ha(F)([2]) = Hu(g)([fn(2)])

[def. H,, on morphisms]
= [gnfu(2)] [def. H,, on morphisms]
[
[

compositions on the cat. of chain complexes]

= [(gf)n(2)]
= Hy(g./)([x])

Lemma 11.19. Let C, D be chain complexes and f,g: C — D be chain maps. If f,g
are chain homotopic, then H,(f) = H,(g9): H,(C) — H, (D).

def. H,, on morphisms]. O

Proof. Let [v] € H,(C), with representative v € ker d5. We must show that H,(f)([v]) =
H,(9)([v]). Let T,, be a chain homotopy from f to g. Then,

Hy,(f)([v])
= [fu(v)] [def. H,(f)]
= [gn (V)] + [d2  T0(v)] + [T,-1dS (v)] [T, is a chain homotopy from f to g]
= [gn(v)] + [dg-s-lTn(U)] [v € ker dg]
= [gn(v)] [dy?-s-lTn(U) € im dn—‘,—l}
= H,.(g)([v]) [def. H,(g)]. 0

By lemmas 11.11 and 11.19, the n-th Homology functor descends to a functor on the
quotient category, which we denote also by H,,:

Comp My Vec

|

Comp/ ~

11.6 Cubical singular chain complex

If we have a topological space X, we have already seen that we can form it’s cubical
singular chain complex, @,(X) which has differentials d,,: Q,(X) — Qn_1(X). We
denote by Q(X) the chain complex, so Q(X) is the data {Q,(X)}nez, {dn}nez-

Definition 11.20. Let X, Y be topological spaces. Let f: X — Y be a continuous
map. Define the chain map induced by f, denoted Q(f): Q(X) — Q(Y), as follows.
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Q(f) is going to be a chain map, so we need to say what is Qn(f): Qu(X) — Qn(Y)
for each n. We start by defining a linear map Qn( f): Qn( ) — Qn( ). By linearity, it
suffices to say what is Q,(f)(c) for each o € Co(I", X). We define Qn(f)(o)=foo €
CO(I",Y) C Qu(Y). Then, we can check that Q,(f) maps D,(X) to D,(Y). By the
universal property of the quotient, there exists a unique linear map @, (f) such that the
diagram

Du(X) <2 Qu(X) —Ts Qu(X)
Qnm\Dn(X)l jézn(f)
Dy(Y) " Qu(Y) =" Qu(Y)

3Qn(f)

commutes, which is given by Qu(f)([z]) = [Qa(f)(x)] for every [z] € Qn(X).
Lemma 11.21. In definition 11.20, Q(f): Q(X) — Q(Y)) is a map of chain complezes.

Proof. We want to prove that d¥ Qn(f) = Qn_1(f)d¥. Since w¥ is surjective, it suffices
to show that d¥ Q,(f)my = Q._1(f)dXnX. By linearity, it suffices to assume that
o € C°(I", X) and to prove that d* Q,(f)7X(0) = Qn_1(f)dXmX ().

dy Qu(f)my (@) = ) Qu(f)([0]) def. ]
= d) ([Qu(H)(@)]) def. Qu(f)]
= dY([f o 0]) [def. Qn(f)]
= [ (foo)] def. d]
_ [Z —1) (f cooljy—fooo [;flﬂ [def. d¥]

= Qua(H)([dX (0)]) [def. ]
= Qu1(HdY (o)) [def. dX]
= Qua(HdY (o) [def. ] O

Lemma 11.22. The cubical singular chain complex
@: Top — Comp
fi—1Q(f)
Y — Q)
is a functor.

Proof. @ preserves identities: we have to show that Q(idx) = idg(x), i.e. that @, (idx) =

idg, (x). Since m\ is surjective, it suffices to show that @, (idy)m) = idg,x) 7 . By
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linearity, it suffices to assume that o € C°(I", X) and to prove that Q,(idx )7 (o) =
idQn(X) Wf(()’).

2(9)Qn(f) = Qn(gf). Since 7 is surjective, it suffices to show that Q,(g)Q.(f)my =
7X. By linearity, it suffices to assume that ¢ € C°(I", X) and to prove that
X

(0) = Qulgf)m; (o).
Qu(9)Qn(f)my () = Qu(9)Qu(f)([0])
(9)

() preserves compositions: we have to show that Q(¢)Q(f) = Q(gf), i.e. that
)

= Qu(9f)m; (0). 0

As we said before, what we did so far is setting up some categorical language for this
problem. The following lemma is the main step of the solution of our problem.

Lemma 11.23. Let X, Y be topological spaces, and f,g: X — Y be continuous maps.
If f,g: X — Y are homotopic then Q(f),Q(g): Q(X) — Q(Y) are chain homotopic.

Proof. Let H be a homotopy from f to g. We wish to show that there exists a chain

homotopy P,: Qn(X) — Qny1(Y) from Q(f) to Q(g), ie. that Q.(f) — Qulg) =
dY 1P, + P,_1d;. We start by defining a map P,: Qn(X) — Qny1(Y). By linearity, it
suffices to say what is P,o for each o € C°(I", X). Note that

= ] T o Ay,
Then, we define P, (o) = (—1)"*'Ho(o xid;). Then, P, maps D,,(X) to D,1(Y). There-

fore, by the universal property of the quotient, there exists a unique map P,: Q,(X) —
Qn+1(Y) such that the following diagram commutes:

Do(X) — s (X)) — s Qu(X)

15”|Dn(X)J/ lpn

Dy (V) —— LR Qni1(Y) — BLEN Qn+1( )
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For each [x] € Qn(X), P,([z]) = [Pn(2)]. We claim that P, is the desired chain homotopy.
We start by showing that for k = {0,1}, H o (0 x id;) o I}}' = H o ((0 0 I},) x id;).

Ho (o xidj)o [;f,jl(xb coy&y) = Ho (o xidp)(z1, ..., xjo1, k, x4, ..o, 2p)
= H(O’({L’h...,xj_l,]{?,.f(]j,...,In_l),l‘n)
= H(Uofzk(:cl,...,:cn,l),xn)

= Ho((ool}y) xids)(z1,..., 7).

We now show that Q,.(f) — Qn(9) = d}. P, —|— P, 1d¥. Smce X Qn(X) — Qu(X)
is surjective, it suffices to show that Q,(f)ry — Q.(g)mX = d};HPn?Tn + P, _dX 7.
By linearity, it suffices to assume that o € CO(I " X) and to prove that Q,(f)mX (o) —
Qn(g)’/r ( )_dz—I—an'/T ( )+Pn 1dX X( )

A1 Pay () + Pocadymy (0)
= dZ+IPn~([U]) + Pn—ldf([f])
= dur([Pa(0)]) + Paca([d7 (o))
= [dy 1 Pa(0)] + [Poady (0)]
= (A1 Pa(0) + Padyy (0)] )
(=)™ sy (H o (0 x idp)) + (=1)"Pas(dy o)
[CEEDS nH ~1)(H o (0 xidy) o Iy" = H o (o x idy) o I7")

j= 1

n

n; Y/(Ho((ooll) xid) — Ho((ooIly) xid))]

= [(—1)"“(—1)”“(}1 o (o xidy)o Ity — Ho (o xid)) o INT},)
=[H(,0)0o0 — H(-,1) 0 0]

=[foal—lgoa]

= [@u(f)(0)] - [ n(9)(0)]
Qn(f)(lo]) = Qulg)([o])

Qu(f)my (o) = Qu(g)m; (9)- O

By lemmas 11.11 and 11.23, the cubical chain complex functor descends to a functor
on the quotient categories, which we denote also by @Q:

Top e Comp

Wl y

Top/ ~ — Comp/ ~
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11.7 Conclusion

By everything we proved, we have a commutative diagram of categories and functors

Top e Comp M Vee

| s

Top/ ~ — Comp/ ~

so now we can finish the proof.

Exercise 11.1. Let (X,Ox) and (Y, Oy) be homotopy equivalent topological spaces.
Show that 6P (X) = b (X) for all n € N,.

Solution. We start by showing that as objects of the category Top/ ~, X and Y are
isomorphic. Since X and Y are homotopy equivalent, there exist f: X — Y and
g: Y — X such that fg ~idy and gf ~ idx (here ~ denotes "homotopic to"). Then,
consider the morphisms [f]: X — Y and [¢g]: Y — X in Top/ ~. Then,

[fllg] = [f9] [def. of composition in Top/ ~|
= [idg] [fg ~ idp]

—idp..,

and [g][f] = [ida] = identity of A in Top/ ~. So X and Y are isomorphic in Top/ ~.
Then,

V(X)) = dim HS"P(X)  [def. o]
=dim H,Q(X) [def. HS"]
=dim H,Q(Y) [X and Y are isomorphic in Top/ ~, lemma 11.6]
= dim H™(Y)  [def. HS™P]
=b"(Y) [def. bg™]. O
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12 Exercise sheet No. 12

Exercise 12.1. Write down B; and Bs explicitly.

Solution. Recall first the definitions for every n:

BO = idAO c AY — AO,

and
Bn =By (Br?—n1(dnidAn)) ,ifn >0,
where
Br : Cr(A™) — Cipa(A™),
k+2 i
}) (Z tiei) = { tiptn + (1= 11)¢ (1 i iy tH—lez‘) t1#1
. Hn, t =1,
for any continuous map ¢ : A¥ — A™ and with y, = —15(1,...,1) the barycenter of A",
and

BX 1 Ch(X) = Cu(X)
B () = 1By,

for any space X and any continuous map v : A" — X. We now unwrap the definition.
For n = 1 we have:

=B3(Bs (dvida))

—53(3 (e2 —e1))

=0 ((e2)%Bo — (e1)4Bo) (5)
=85 (ez 0idpo — €1 0 idpo)
= (e2) — By(er)

Note that the above minus sign is formal. Evaluating at a point of A!, we have

50 61 (zt ez) - tllul + (1 - tl)eza

i=1

for i = 1,2 (where we have used that e; is a constant map and therefore there is no need
to distinguish between cases). See Figure 2.

We now do n = 2. Denote f; := Mida2 : A' — A2 the j-th face of the 2-simplex,
which one may parametrize as f; (te; + (1 — t)eq) = e; +t(ej11 — e;) (where we take the
index 7 mod 3). Then

(fi— fa+ f5)uBn)
(fr = fa+ f3)#(Bo(e2) — By(er))

3 2
— Z Z( 1)z+j+1AZj’

(B
(BF(fl fo+ f3))
(
(
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Figure 2: The barycentric subdivision of Al. Roughly speaking, it is subdivided into
two smaller 1-simplices with opposite signs.

where A;; = B2(f; o B5(ei)). Again, note that the expression for By is just a formal
alternated sum. To understand each term, we evaluate at a point of A2, and get

) {0 )

M2

Using p = 1(e1 + €2), we can write

t < t > t t
1- i=\1l—-s7—= &+ 576+,
—nnT 1-t)° ( 2(1—t1)>6+2(1—t1)6+1

where we take the index ¢ mod 2, and therefore

fi < St (1 - t2) 6z‘> =¢; +1(i)(ej1 — ),

1—-1%

2 y
2(1—t1) t=

1— L =1
where £(i) = { 2(1-t1)
We then get
3
8y (St ) =t (L= s 41001 = )
i=1

with no need to distinguish between cases by noting that the above expression is well-

defined for ¢t; = 1. See Figure 3.
O

Exercise 12.2. Show that ¢#T,€Ak = TE" ¢y, for every ¢ : AF — A™.
Solution. Recall the definitions:
Ty = Bg(’LdA0> c Cl(AO),

and

T = By (idan — T2 \dnidar) € Coir(A"), if n > 0.
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Figure 3: The barycentric subdivision of A%, which decomposes it into a formal alternated
sum of smaller copies of itself.

where

X Cp1(X) — Cn(X)
Tf-ﬂb = 77D3'9)l9:[1n—1a

for 1 : A»~! — X and for any space X. The diagram we wish to show to be commutative
is then:

¢
Cr1(AF) —22 Gy (A7)

Ak AT
Tk—lJ{ JTk—l

Cr(AF) — Cr(A™)

This fact is actually independent on the definition of T},, and follows simply from the
covariance of the push-forward functor. Indeed, for arbitrary ¢ we have:

GuT2" ) = by Ty
= (po)uTy
=T (6o v)
= T 64 (1)

Exercise 12.3. Show that the equation
dpi T + 1% \dy, = ide,(x) — By
implies that the induced map in homology
BY : H,(X) = Hu(X)

is the identity idpy, (x).
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Solution. Let us first remark that this is a general fact: The above equation, by defini-
tion, means that BX is homotopic to the identity or nullhomotopic (as a chain map),
where the homotopy is provided by the maps TX. The following proof can be stated
as: nullhomotopic chain maps induce the identity in homology. Moreover, a further gen-
eral fact is that nullhomotopic maps of spaces induce nullhomotopic chain maps of the
singular homology complexes.

The proof is straightforward: if [¢] € H,(X) with ¢ € C,,(X) such that d,c = 0, then
the above homotopy equation implies

dn+1T75((C) =Cc— BT)L(<C)7

therefore the class of ¢c— B; (¢) is 0, and therefore idy, x)[c] = [c] = [B; (¢)] = B, ([c]) €
H,(X). 0
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13 Exercise sheet No. 13

Exercise 13.1. Show that it’s possible to write the two-dimensional torus 7% = S* x !
as T? = UUV, where U,V C T? are open subsets with the property that U and V are
both homotopy equivalent to a circle and U NV is homotopy equivalent to the disjoint
union of two circles S* LI St

Solution. Recall that S' := {x € R? | ||z| = 1}. Define
A=8"N(~00,1/2) x R C S* C R?
B:=8"n(-1/2,+c) xR C S' c R?
C=ANBN(R x (0,+00))
D=ANnBN(R x (—00,0))
U=AxS!
V =B x S
Then, T? = S' x S?' = (AUB) xS =Ax S'UB xS =UUV. U and V are open in
T?, because A and B are open in R and by definition of the product topology.
We now prove an auxiliary result: for any 6,0, € R such that 0 < 0y < 6, < 2, if

L = {(cosf,sinf) € R* | § € (0y,0,)}, then L is homotopy equivalent to a point. To
show this, define 6, = 60y/2 + 0;/2. Define p, = (cosb,,sinf,) and

fA{ps} — L g:L— {p.}

Then, g o f = idy,,. It remains to show that f o g is homotopic to id;. For this, define

H: 0,1] x L — L
(t,(cosf,sinf)) — (cos((1 — t)0, + t0),sin((1 — t)0, + t0)).
Then, H is a homotopy from id; to f o g. So, L is homotopy equivalent to a point.

A, C, D satisfy the same conditions as L, so A, C and D are all homotopy equivalent
to a point. B is homeomorphic to A (the map (z,y) — (—=z,y) is a homeomorphism),
so B is homotopy equivalent to a point as well.

We show that U and V are homotopy equivalent to S*.

U=AxS" [definition of U]
~ {p} x S' [A ~ {p}, products of htpy. equivalent spaces are htpy. equivalent]
~ gt
and analogously V ~ S
We show that U NV is homotopy equivalent to S LI S*:
UnV =(AxSHN(B xS [definition of U, V]
=(ANB) x S
= (CxSYHU(D x St [definition of C, D]
~ ({p} x SYYU ({p} x S*) [products/disjoint unions of htpy. equivalent
spaces are htpy. equivalent]
~ st st O
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Exercise 13.2. Write the Mayer-Vietoris sequence for the decomposition of the torus
in exercise 13.1. Use that the Betti numbers are invariant under homotopy equivalence.

Solution.

0<+— Ho(X) +— Ho(U)® Hy(V) +— Hoy(UNV) +— Hy(X) — ---
— [X = T? in our case]

0 +— Ho(T?) +— Ho(U) @ Ho(V) +— Ho(UNV) «— H(T?) +—
— [U~S"V~S'UNV ~S'US and Homology is homotopy invariant]

0 +— Ho(T?) +— Ho(S") @ Ho(S*) +— Ho(S'USY) +— H(T?) +—
= [Ho(X UY) = Ho(X) & Ho(Y)]

0 <— Ho(T?) +— Ho(S") @ Ho(S") +— Hy(S )

— [By lemma 1.1 in lecture notes No. 9, Hy(T?) =

By corollary 1.8 in lecture notes No. 9, Hy(S ) = H,(S") =R]

0+— R+ ROR+—ROR+— H{(T?) +—

(sl) e Hy(T?) — ---

O
Exercise 13.3. Show that b;(7?) # 0.
Solution. By exercise 13.2, we have an exact sequence
0 Jo R <% R2 ho R2 f Hl(TQ) « ...
dimim f; = dimker hg [exactness at R?]
= dimR? — dimimhy [rank-nullity theorem on hy)
= dimR? — dimker gy [exactness at R?]
= dimim g [rank-nullity theorem on go]
= dimker fy [exactness at R]
=1 [fo: R — {0}].
by (T?) = dim H,(T%) [definition of b,]
= dimker f; +dimim f; [rank-nullity on fi]
= dimker f; + 1 [computation above]
#0 [dim ker f; > 0]. O
Exercise 13.4. Show that 72 and S? are not homotopy equivalent.
Solution. Assume by contradiction that they are.
0 # by (T?) [exercise 13.3]
=b,(S?) [by assumption, T? ~ S2?, and by homotopy invariance of b;]
=0 [by corollary 1.8 in lecture notes No. 9].
Contradiction. ]
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14 Exercise sheet No. 14

Exercise 14.1. Assume that R” and R™ are homeomorphic. Show that n = m.

Solution. We use the symbols = for "is homeomorphic to" and ~ for "has the same
homotopy type as" and "is homotopic to".

We prove the result in the case where n =0 or m = 0. If n = 0, then R” = R° = {0}
has exactly one point. Since R™ = R™, R™ has exactly one point as well. If m > 1,
R™ would have more than one point, so m = 0. Analogously, we can show that m = 0
implies n = 0.

We prove the result in the case where n > 1 and m > 1. Step 1: we show that
R™\ {0} 2 R™\ {0}. Let ¢: R" — R™ be a homeomorphism. Define homeomorphisms
Bl oy R\ {0} — R\ {6(0)} and v: R™\ {6(0)} —> R™\ {0} by t(x) = 2 — (0).
Then, 1 0 ¢|rm oy : R™ \ {0} — R™ \ {0} is a homeomorphism.

Step 2: we show that S"! ~R"\ {0} and S™! ~ R™\ {0}. For this, define

frRUA\{0} — 5"71 g2 5"\ {0} — R\ {0}
x|—>Hi”, T — .

Then, f o g =idgs—1 and using the homotopy

H:[0,1] x R\ {0} — R"\ {0}

(t,x) —> (1—t)x+t”i”

we conclude that g o f ~ idgmop. So S" ' ~ R™\ {0}. Analogously we show that
Sm=t~R™\ {0}.
Step 3: we show that Vk € Ny: b,(S"!) = bp(S™1).
R™\ {0} = R™\ {0} [by Step 1]
— "~ gt [by Step 2]
= Vk € Ng: bp(S™!) = b (S™ ') [Betti numbers are homotopy invariant].

Step 4: we show that if n =1 or m =1 then n =m. If n =1, then

2 = by(S?) [by corollary 1.8 in lecture notes No. 9]
= bo(S" ) n=1]
=bo(S™ 1) [by step 3]
{2}  ifm=1

.11 if ) [by corollary 1.8 in lecture notes No. 9],
: if m >

which implies that m = 1. Analogously, m = 1 implies that n = 1.
Step 5: we show that if n > 1 and m > 1 then n = m. Using step 3, n > 1 and
m > 1, and corollary 1.8 in lecture notes No. 9 we conclude that Vk € Nj:

{1 iszO,n—l_{l if k=0,m—1

0 otherwise 0 otherwise.
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This can be rewritten by saying that the following two sequences are equal:

(1,0,...,0, 1,0,...)=(1,0,...,0, 1,0,...).
g et v et

This implies that n = m.
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