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Liouville domains ([Syl19, §2.1]) The category of Liouville domains

Definition (Liouville domain)
A Liouville domain is a pair (X , λ), where X is a compact, con-
nected smooth manifold with boundary ∂X and λ ∈ Ω1(X ) is such
that dλ ∈ Ω2(X ) is symplectic, λ|∂X is contact and the orientations
on ∂X coming from (X , dλ) and coming from λ|∂X are equal.

Definition (Liouville vector field)
If (X , λ) is a Liouville domain, it’s Liouville vector field is the unique
vector field Z such that Z = ιZ dλ.

Lemma (Z is outward pointing)
If (X , λ) is a Liouville domain, then Z is outward pointing at ∂X.
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Liouville domains ([Syl19, §2.1]) The category of Liouville domains

Definition (symplectization)
Let (M, α) be a contact manifold. We define a new exact symplectic
manifold, called the symplectization of (M, α), as follows. As a man-
ifold, the symplectization is R+ × M, with coordinate on R+ denoted
by r . The symplectic potential of R+ × M is the 1-form rα.

Lemma (a symplectic embedding for completions)
Let (X , λ) be a Liouville domain with Liouville vector field Z . Con-
sider the "negative symplectization" ((0, 1]×∂X , rλ|∂X ) of (∂X , λ|∂X ).
Then, the flow of Z

ΦZ : (0, 1] × ∂X −→ X
(t, x) 7−→ ϕln t

Z (x)

is an embedding such that Φ∗
Zλ = rλ|∂X .
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Liouville domains ([Syl19, §2.1]) The category of Liouville domains

Definition (completion)

Let (X , λ) be a Liouville domain. We define an exact symplectic man-
ifold (X̂ , λ̂) called the completion of (X , λ), as follows. As a smooth
manifold, X̂ is the gluing of X and R+ × ∂X along

ΦZ : (0, 1] × ∂X −→ ΦZ ((0, 1] × ∂X ) ⊂ X

This gluing comes with smooth embeddings

ιX : X −→ X̂ ,
ιR+×∂X : R+ × ∂X −→ X̂ .

To define λ̂, it suffices to say what is ι∗X λ̂ and what is ι∗R+×∂X λ̂:

ι∗X λ̂ := λ,

ι∗R+×∂X λ̂ := rλ|∂X .
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Liouville domains ([Syl19, §2.1]) The category of Liouville domains

Definition (morphism of Liouville domains, [Syl19])
If (F , λF ) and (M, λM) are Liouville domains, a Liouville morphism
from F to M is a proper embedding ϕ : F̂ −→ M̂, such that

1 There exists f : F̂ −→ R compactly supported such that
ϕ∗λ̂M = λ̂F + df ;

2 There exists a compact set K in F̂ such that ẐF is ϕ-related to
ẐM outside of K .

Definition (category of Liouville domains)
Liouville domains and morphisms of Liouville domains assemble into a
category which we call Liouv.

Identities: if (M, λ) ∈ Liouv, then id(M,λ) = idM̂ .
Composition: if ϕ ∈ Hom(F ,M) and ψ ∈ Hom(M,N), then
ψ ∗ ϕ ∈ Hom(F ,N) is given by ψ ∗ ϕ = ψ ◦ ϕ : F̂ −→ M̂ −→ N̂ .
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Liouville domains ([Syl19, §2.1]) Moser Lemmas

Lemma (Moser, [CE12, thm. 6.8], [Syl19, lem. 2.1])
Let (M, λt) be a family of Liouville domains, for t ∈ [0, 1] such that
there exists C ⊂ int M compact for which λt |M\C = λ0|M\C for
all t. Then, there exists a smooth family of Liouville isomorphisms
ϕt : (M, λ0) −→ (M, λt) such that ϕ0 is the identity morphism.

Proof.
Consider (M̂, λ̂t). We will use Moser’s trick. Define

Xt ∈ X(M̂) by ˙̂λt + ιXt dλ̂t = 0
ϕt : M̂ −→ M̂ to be the time dependent flow of Xt

ft :=
∫ t

0 ϕ
∗
s ιXs λ̂sds.

Compute d
dtϕ

∗
t λ̂t = ϕ∗

t (dιXt λ̂t) using Cartan’s magic formula. Com-
pute ϕ∗

t λ̂t = λ̂0 +dft using the fundamental theorem of calculus. Then
ϕt : M̂ −→ M̂ is the desired morphism ϕt : (M, λ0) −→ (M, λt).
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Liouville domains ([Syl19, §2.1]) Moser Lemmas

Remark (deform Liouville form)
Let (X , λ) be a Liouville domain, f : X −→ R be a function with
supp f ⊂ int X and λ′ := λ + df . Then, (X , λ′) is a Liouville domain
which is isomorphic to (X , λ) in Liouv.

Lemma (deform by changing collar)
Let (X , λ) be a Liouville domain, f : ∂X −→ R+ be a function and
Xf := X̂ \{(r , x) ∈ R+ ×∂X | r > f (x)}, λf = λ̂|Xf . Then, (Xf , λf ) is
a Liouville domain which is canonically isomorphic to (X , λ) in Liouv.

Proof.
X X̂

Xf X̂f

ι ι̂

Suffices to prove in the case f (x) ≥ 1. Consider the
inclusion ι : X −→ Xf and the induced map ι̂ : X̂ −→
X̂f (completion is functorial). Then, ι̂ : (X̂ , λ̂X ) −→
(X̂f , λ̂f ) is a diffeomorphism such that ι̂∗λ̂f = λ̂.
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Liouville domains ([Syl19, §2.1]) Moser Lemmas

Lemma (from ϕ∗λ̂Y = λ̂X + df to (ϕ′)∗λ̂Y = λ̂′
X )

Let ϕ : (X , λX ) −→ (Y , λY ) be a morphism in Liouv. Then there exist
ι : (X , λX ) −→ (X ′, λ′

X ) an isomorphism and ϕ′ : (X ′, λ′
X ) −→ (Y , λY )

a morphism such that (ϕ′)∗λ̂Y = λ̂′
X and ϕ = ϕ′ ∗ ι.

Proof.

Lemmas i deforming Liouville domains

Lem 1 deforming collar Com add lambtract collar A
remain in same isomorphism class

Lem 2 deform form Can add exact term A remain in
same homotopy type class

Lem 3 deform morphisms e Ham X d Ii Ay

7 IX Aí
I 1 e Ham IX da X Rj
7 e Hom Y R

1 tfdo X Xx O
2 µ s

NAI yay

2 2 is iso in homotopy

3 HÃ À
Pf r r r

Xix Y

X
sumi

VÊ
Define X so that suppf C X Xix IXÂ

Define AI Â t df X 4 LX X Ai
2 À À M X Ã

oTt as desired II

Choose X ′ ⊂ X̂ a Liouville domain
so big such that supp f ⊂ int X ′.
Define λ′

X := λ̂X |X ′ + df . No-
tice that (X , λX ) ∼= (X ′, λ̂X |X ′) ∼=
(X ′, λ′

X ) and call the isomorphism
ι : (X , λX ) −→ (X ′, λ′

X ). Define ϕ′

so that ϕ′ ∗ ι = ϕ.
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Liouville domains ([Syl19, §2.1]) Product of Liouville domains

We now consider products of Liouville domain. Our goal is to show
that the operation of taking the product is a functor

× : sk(Liouv) × sk(Liouv) −→ sk(Liouv).

(Here sk(Liouv) denotes the skeleton of the category Liouv).

Product of Liouville domains is well defined up to iso.
If (M, λM), (N , λN) are Liouville domains, then [M × N , λM + λN ] ∈
sk(Liouv) is well defined.

Explanation
M × N is a manifold with boundary and corners.
We can smoothen the corners of M×N and get a Liouville domain.
This procedure depends on a choice of smoothening.
The completion of the smoothening is isomorphic (in Liouv) to
M̂ × N̂ , regardless of the choice of smoothening.
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Liouville domains ([Syl19, §2.1]) Product of Liouville domains

Induced maps on products are not quite Liouville morphisms
If (X , λX ), (Y , λY ), (M, λM), (N , λN) are Liouville domains and

ϕ : (X , λX ) −→ (M, λM) is a morphism, ϕ∗λ̂M = λ̂X + df ;
ψ : (Y , λY ) −→ (N , λN) is a morphism, ψ∗λ̂N = λ̂Y + dg .

Then ϕ× ψ : X̂ × Ŷ −→ M̂ × N̂ is such that
(ϕ× ψ)∗(λ̂M × λ̂N) = (λ̂X + λ̂Y ) + d(f ◦ ϕ+ g ◦ ψ︸ ︷︷ ︸

not compactly supported

).

Induced maps on products are well defined up to iso.
However, doing the trick from a previous lemma

ϕ′ : (X ′, λ′
X ) −→ (M, λM) is a morphism, (ϕ′)∗λ̂M = λ̂′

X ;
ψ′ : (Y ′, λ′

Y ) −→ (N , λN) is a morphism, (ψ′)∗λ̂N = λ̂′
Y .

Then ϕ′ × ψ′ : X̂ ′ × Ŷ ′ −→ M̂ × N̂ is such that
(ϕ′ × ψ′)∗(λ̂M × λ̂N) = (λ̂′

X + λ̂′
Y ).
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Stops ([Syl19, §2.2]) Stops and narrow stops

For ρ > 0, define Hρ = {z ∈ C | Re(z) ≥ −ρ}, equipped with
λC = 1

2(xdy − ydx).

Definition (stop, [Syl19, def. 2.3])
A stop is a triple (M,F , σ), where (M, λM) is a 2n-dimensional Liou-
ville domain, (F , λF ) is a (2n − 2)-dimensional Liouville domain (the
fibre of the stop), and σ : F̂ × Hρ −→ M̂ is a proper embedding for
which there exists f : F̂ × Hρ −→ R compactly supported such that
σ∗λ̂M = λ̂F + λC + df . The width of (M,F , σ) is ρ.

Definition (divisor, [Syl19, def. 2.3])

If (M,F , σ) is a stop, it’s divisor is the map Dσ := σ|F̂×{0} : F̂ −→ M̂.
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Stops ([Syl19, §2.2]) Stops and narrow stops

Example (stop)
We will give an example of a stop (M,F , σ).

(M, λM) := (Bn, λCn), which implies (M̂, λ̂M) ∼= (Cn, λCn);
(F , λF ) := (Bn−1, λCn−1), which implies (F̂ , λ̂F ) ∼= (Cn−1, λCn−1);
σ : Cn−1 × Hρ −→ Cn is the inclusion map.

 

n n n n
E Bem ir creepier ir ã Bemn n n

f indon nB B r

s
7IR Burif IR

Brief
L
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Stops ([Syl19, §2.2]) Stops and narrow stops

Lemma (divisors are Liouville morphisms)
If (M,F , σ) is a stop, its divisor is a Liouville morphism from F to M.

Proof.
Divisors preserve Liouville forms and Liouville vector fields:

D∗
σλ̂M = (σ ◦ ιF̂ )∗λ̂M [def. Dσ]

= ι∗F̂ (λ̂F + λC + df ) [σ is a stop]
= λ̂F + d(f ◦ ιF̂ ) [λC|0 = 0].

D(Dσ)xZF̂ |x
= Dσ|(x ,0) ◦ DιF̂ |x · ZF̂ |x [def. Dσ]
= Dσ|(x ,0) · ZF̂×Hρ

|(x ,0) [λC|0 = 0]
= ZM̂ |Dσ(x) [σ∗λ̂M = λF̂×Hρ

outside cpt.].
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Stops ([Syl19, §2.2]) Stops and narrow stops

For ρ > 0, s ∈ (0, π2 ), define As = {re iθ ∈ C | r > 0, |θ| ≤ s} and
Sρ,s = D2

ρ ∪ As , equipped with λC = 1
2(xdy − ydx).

Definition (narrow stop, [Syl19, def. 2.5])
A narrow stop is given by the data (M,F , σ), and is defined by
replacing Hρ by Sρ,s in the definition of a stop.

Remark (stops vs. narrow stops)
Stops can be restricted to narrow stops.
Strictly speaking, a narrow stop is not a stop.
However, it’s possible to construct a stop from a narrow stop.
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Stops ([Syl19, §2.2]) Stops and narrow stops

Lemma (narrow stop ⇝ stop, [Syl19, lem. 2.4])
Let ((M, λM), (F , λF ), σ0) be a narrow stop with parameters ρ, s.
Then, there exist ϕ : Hρ′ −→ Sρ,s a proper embedding and g : M̂ −→
R such that if we define σ := σ0 ◦ (id ×ϕ) then we have that

1 The following diagram commutes:

F̂ × R+ F̂ × Hρ′

F̂ × Sρ,s M̂

σ
id ×ϕ

σ0

;

2 supp g ⊂ σ(F̂ × K ), for K ⊂ Hρ′ a compact neighbourhood of 0;
3 σ∗(λ̂M + dg) = λ̂F + λC + d(f ◦ (id ×ϕ)).
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Stops ([Syl19, §2.2]) Stops and narrow stops

Proof sketch.
The embedding ϕ is defined as ϕ = ϕt

H , for t big enough, where
H : C −→ R is a Hamiltonian which outside of a compact set is given
by r 2 sin(θ). Notice that the Hamiltonian flow of r 2 sin(θ) preserves
the Liouville form and it maps the real axis to the real axis. We choose
t and ρ′ so that ϕ = ϕt

H maps Hρ′ to Sρ,s . Then ϕ∗λC = λC − dg ′,
for g ′ : Hρ′ −→ R with compact support K a neighbourhood of 0.
Define g : M̂ −→ R so that σ∗g = g ′ and supp g ⊂ σ(F̂ × K ).

σ : F̂ × Hρ′ F̂ × Sρ,σ M̂

g′ σ∗
0 g g

λ̂F + λC + d(f ◦ (idF̂ ×ϕ)) − dg′ λ̂F + λC + df λ̂M

λ̂F + λC + d(f ◦ (idF̂ ×ϕ)) λ̂F + λC + df + dσ∗
0 g λ̂′

M = λM + dg

idF̂ ×ϕ σ0
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Stops ([Syl19, §2.2]) Stops and Liouville pairs

A Liouville pair is going to be defined analogously to the Weinstein
pairs of [Eli17]. We will now study the relation between stops and
Liouville pairs. This relation will be given by some special functions on
Liouville pairs which we will call functions with Liouville graph.

Definition (Liouville pair, adapted from [Eli17, §1 and 2])
A Liouville pair is a tuple (M,P) such that (M, λ) is a Liouville
domain of dimension 2n and (P, λ|P) ⊂ ∂M is a Liouville domain of
dimension 2n − 2.

Prop2.6

Let M A P be a Liouville pair with Am A ERIN
Zn E MCM Rp Atp e NCM Zp E ZIP

Let f P 2,13 be set

1 f 1 on intP

2 flap 1

3 Hrs 112 f r e P is a contact hypersurface

4 Fi graph f CM is a smooth submanifold sit

Zn e TPFV pe.JP of

Then Zim am

zp.pt Â Prf2 F Amir Midas
fpê Ê Â is L f f se

E figuring morphism from m Ü graphf

2M 2MMini E Mion
zp.pt ftp7 M F r stop p ap

Dr 1 1
F M

JA ta
M
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Stops ([Syl19, §2.2]) Stops and Liouville pairs

Definition (func. w. Liouville graph, adapted from [Syl19, prop. 2.6])
If (M,P) is a Liouville pair, a function with Liouville graph on
(M,P) is a smooth function f : P −→ [1/2, 1] such that

1 f < 1 on int P;
2 f |∂P = 1;
3 All r > 1/2 are regular values and f −1(r) ⊂ P is contact;
4 F := graph(f ) ⊂ M is a smooth submanifold such that

(ZM)p ∈ TpF for all p ∈ ∂P = ∂F .

 

cnet.tt ir Ensign ir cnet.tt
Ê indo

B B r

aoIR Burif IR
Brief

L

2M 2M

zp.pt Ã Ã f 1

fun0,11 814
CM graphf
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Stops ([Syl19, §2.2]) Stops and Liouville pairs

Proposition (Liouville pair defines stop, [Syl19, prop. 2.6])
Let (M,P) be a Liouville pair and f be a function with Liouville graph
on (M,P). Let F = graph f . Then, (F , λ|F ) is a Liouville domain and
there exists σ : F̂ ×Hρ −→ M̂ such that σ∗(λ̂M + dh) = λ̂F +λC + df
and Dσ : F̂ −→ M̂ is induced from the inclusion F −→ M.

Proof sketch.
Show that (F , λ|F ) is a Liouville domain. By functoriality of com-
pletions, ι : F −→ M defines ϕ : F̂ −→ M̂. It’s possible to define
an extension ψ : F̂ × Dρ′ −→ M̂ which is a symplectic embedding.
Define θ := λF̂×Dρ′ − ψ∗λ̂M , which is closed. Since θ|F̂ = 0, there
exists an h0 ∈ C∞(Dρ′ ,R) such that θ = dh0. Define h = ψ∗h0 and
λ̂′

M = λ̂M + dh. Then, ψ∗λ̂′
M = ψ∗λ̂M + dh0 = λF̂×Dρ′ .
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Stops ([Syl19, §2.2]) Stops and Liouville pairs

Proof sketch (cont.)

Define ψ′ : F̂ × As −→ M̂ as in the
diagram. Patch together ψ and ψ′ to
get σ0 : F̂ × Sρ′,s −→ M̂. Use the rea-
soning of a previous lemma to make an
embedding φ : Hρ −→ Sρ,s .

F̂ × (Ds ∩ As) M̂

F̂ × As M̂

ϕt
ZF̂×C

ψ

ϕt
ZM̂

ψ′

F̂ F̂ × Dρ′

M̂

F̂ × Hρ F̂ × Sρ′,s

ϕ

ψ

id ×φ

σ
σ0

Define σ so that the di-
agram on the left com-
mutes. Then, σ is as de-
sired.
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Stops ([Syl19, §2.2]) Stops and Liouville pairs

References

[CE12] Kai Cieliebak and Yakov Eliashberg. From Stein to Weinstein
and Back, volume 59 of Colloquium Publications. American
Mathematical Society, Providence, Rhode Island, December
2012.

[Eli17] Yakov Eliashberg. Weinstein manifolds revisited.
arXiv:1707.03442 [math], August 2017.

[Syl19] Zachary Sylvan. On partially wrapped Fukaya categories.
Journal of Topology, 12(2):372–441, June 2019.

Thank you for listening!
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