Stops

Miguel Pereira®
LUniversitat Augsburg

Berlin-Hamburg-Augsburg Symplectic Seminar, 27-04-2021

Miguel Pereira (UNIA) Stops B-H-A SS 2021 1/29



N
Table of Contents

© Liouville domains ([Sy!19, §2.1])
@ The category of Liouville domains
@ Moser Lemmas
@ Product of Liouville domains

© Stops ([SyI19, §2.2])

@ Stops and narrow stops
@ Stops and Liouville pairs

Miguel Pereira (UNIA) Stops B-H-A SS 2021 2/29



 Liouville domains ([ | -, §2.1]) |
Table of Contents

© Liouville domains ([Sy!19, §2.1])
@ The category of Liouville domains
@ Moser Lemmas
@ Product of Liouville domains

Miguel Pereira (UNIA) Stops B-H-A SS 2021 3/29



_ The category of Liouville domains
Table of Contents

© Liouville domains ([Sy!19, §2.1])
@ The category of Liouville domains

© Stops ([SyI19, §2.2])

Miguel Pereira (UNIA) Stops B-H-A SS 2021 4/29



Definition (Liouville domain)

A Liouville domain is a pair (X,\), where X is a compact, con-
nected smooth manifold with boundary X and X\ € Q!(X) is such
that d\ € Q3(X) is symplectic, A|sx is contact and the orientations
on 0X coming from (X, d\) and coming from A|sx are equal.

vV

Definition (Liouville vector field)

If (X, \) is a Liouville domain, it's Liouville vector field is the unique
vector field Z such that Z = ¢dA.

v

Lemma (Z is outward pointing)

If (X, ) is a Liouville domain, then Z is outward pointing at 0X.
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Definition (symplectization)

Let (M, «) be a contact manifold. We define a new exact symplectic
manifold, called the symplectization of (M, «), as follows. As a man-
ifold, the symplectization is Rt x M, with coordinate on R* denoted
by r. The symplectic potential of R* x M is the 1-form ra.

v

Lemma (a symplectic embedding for completions)
Let (X, \) be a Liouville domain with Liouville vector field Z. Con-
sider the "negative symplectization" ((0, 1] x 0X, rA|ax) of (0X, Alox).
Then, the flow of Z

®z: (0,1] x OX — X

(t,x) — ¢5*(x)

is an embedding such that 5\ = r)|ox.
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Definition (completion)

Let (XA, )\2 be a Liouville domain. We define an exact symplectic man-
ifold (X, A) called the completion of (X, \), as follows. As a smooth
manifold, X is the gluing of X and R x 09X along

®z:(0,1] x 0X — £((0,1] x 0X) C X
This gluing comes with smooth embeddings

Lx: X—})A(,
LR+%8X - RT x oxX —>)A<

To define J, it suffices to say what is 15\ and what is L§+X8XS\:

U=\,

* 3.
LR+X8X)\ — rA|8X
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Definition (morphism of Liouville domains, [ 1)

If (F,Ar) and (M, Ay) are Liouville domains, a Liouville morphism
from F to M is a proper embedding ¢: F — M, such that
o There exists f.F—R compactly supported such that
oAy = Ar + df;
@ There exists a compact set K in F such that ZF is ¢-related to
Zy outside of K.

Definition (category of Liouville domains)

Liouville domains and morphisms of Liouville domains assemble into a
category which we call Liouv.

o Identities: if (M, \) € Liouv, then id(y ) = id,.
o Composition: if ¢ € Hom(F, M) and ¢y € Hom(M, N), then
¥ * ¢ € Hom(F, N) is given by v % gb pop: F— M — N,
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Lemma (Moser, [ , thm. 6.8], [ , lem. 2.1])
Let (M, \;) be a family of Liouville domains, for t € [0,1] such that
there exists C C int M compact for which A\¢\mc = Xo|lmc for

all t. Then, there exists a smooth family of Liouville isomorphisms
de: (M, Xo) — (M, \¢) such that ¢ is the identity morphism.

Proof.

Consider (M, X,). We will use Moser’s trick. Define
o X, € X(M) by A; + ix.die = 0
® O;: M — M to be the time dependent flow of X;

o f, = fot ¢:Lxsj\sd5.

Compute & “\e = ¢3(dux,\;) using Cartan’s magic formula. Com-

puteA(bjS\t :ijo+dft using the fundamental theorem of calculus. Then
¢t M — M is the desired morphism ¢.: (M, \g) — (M, ;). [

Miguel Pereira (UNIA) Stops B-H-A SS 2021 10/29



Remark (deform Liouville form)

Let (X, ) be a Liouville domain, f: X — R be a function with
suppf C intX and X := A+ df. Then, (X, \) is a Liouville domain
which is isomorphic to (X, \) in Liouv.

Lemma (deform by changing collar)

Let (X, \) be a Liouville domain, f: 9X — R* be a function and
X = X\{(r,x) c Rt*x0X ’ r> f(X)}, Af = )\|Xf- Then, (Xf, )\f) is
a Liouville domain which is canonically isomorphic to (X, \) in Liouv.

Proof.
X — X Suffices to prove in the case f(x) > 1. Considgr the
{ / lz inclusion ¢: X — X¢ and the induced map L X —
X¢ (completion is functorial). Then, Z: QX )\x
X —— X (X,c, )\f) is a diffeomorphism such that 7*\f = A D

v
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Lemma (from ¢*Ay =

Ax 4+ df to (&) Ay = Ny)

Let ¢: (X, Ax) —> (Y, Ay) be a morphism in Liouv. Then there exist
v (X, Ax) — (X', Nx) an isomorphism and ¢': (X', Nx) — (Y, Ay)
a morphism such that (¢')*Ay = Ny and ¢ = ¢’ x .

v

Proof.

x>
13
x>

i’

alN
7,

supp §

Choose X’ C X a Liouville domain
so big such that suppf C int X'
Define My = Ax|x + df. No-
tice that (X, Ax) = (X', Ax|x/) =
(X', Ny) and call the isomorphism
v (X, Ax) — (X', Ny). Define ¢/
so that ¢’ 1 = ¢. O

v
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We now consider products of Liouville domain. Our goal is to show
that the operation of taking the product is a functor

x : sk(Liouv) x sk(Liouv) — sk(Liouv).
(Here sk(Liouv) denotes the skeleton of the category Liouv).

Product of Liouville domains is well defined up to iso.

If (M, Am), (N, \y) are Liouville domains, then [M x N, Ay + An] €
sk(Liouv) is well defined.

Explanation
@ M x N is a manifold with boundary and corners.

@ We can smoothen the corners of M x N and get a Liouville domain.
This procedure depends on a choice of smoothening.

@ The completion of the smoothening is isomorphic (in Liouv) to
M x N, regardless of the choice of smoothening.
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Induced maps on products are not quite Liouville morphisms
If (X,Ax), (Y,Ay), (M,\m), (N, A\y) are Liouville domains and
e ¢: (X, Ax) — (M, \y) is a morphism, "I = Ax + df;
e ¢: (Y, \y) — (N, \y) is a morphism, U Ay = Ay +dg.
Thengbxw:)A(x Y —s M x N is such that
(¢ ¢) (A x An) = (Ax + Ay) +d(fod+ g o).
T

not compactly supported
y

Induced maps on products are well defined up to iso.
However, doing the trick from a previous lemma
o ¢: (X, \y) — (M, \y) is a morphism, (¢/)* Ay = Ny
o 1 (Y, Ny) — (N, Ay) is a morphism, (¢/)*Ay = A,
Then ¢ x ¢': X' x Y/ — M x N is such that
(¢ x )V (O x Aw) = (N + Ay). |
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Staps and narrow stops

For p > 0, define H, = {z € C | Re(z) > —p}, equipped with
Ac = 3(xdy — ydx).

Definition (stop, | , def. 2.3])

A stop is a triple (M, F, o), where (M, \y) is a 2n-dimensional Liou-
ville domain, (F, Af) is a (2n — 2)-dimensional Liouville domain (the
fibre of the stop), and o: F x H, — M is a proper embedding for
which there exists f: F x H, — R compactly supported such that
o* M\ = Xr + Ac + df. The width of (M, F, o) is p.

Definition (divisor, | , def. 2.3])
If (M, F,0) is astop, it's divisor is the map D, = 0|z, (g} : F— M

v
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Example (stop)

We will give an example of a stop (M, F, o).
o (M, \y) == (B", Acn), which implies (M, Ap) 2 (C", Acn);

o (F,\g) == (B, Aca—1), which implies (F, Ag) = (C™ 1, Aot );

e 0: C" ' x H, — C" is the inclusion map.

C 2BV, iR e g R 2B
=F: imDr

&(
ﬁ TR y “n
¥|F
\

5
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Lemma (divisors are Liouville morphisms)

If (M, F,c) is a stop, its divisor is a Liouville morphism from F to M.

v

Proof.
Divisors preserve Liouville forms and Liouville vector fields:

D = (00 tp) A [def. D,]
= L}(S\F + Ac +df) [ois a stop]
= A 4 d(f oup) [Aclo = 0].

D(DU)XZﬁ|X
— Do) 0 Diple - Zelx  [def. D,]
= Dol(x0) " Zrsm, lixo)  [Aclo=0]

= Ziylp, (x) [0* A = A, outside cpt.]. O
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For p > 0, s € (0,%), define A, = {re” € C | r > 0,]0] < s} and
Sps = Ef, U A, equipped with A\c = Z(xdy — ydx).
Definition (narrow stop, [Syl19, def. 2.5])

A narrow stop is given by the data (M, F, o), and is defined by
replacing H, by S, in the definition of a stop.

Remark (stops vs. narrow stops)
@ Stops can be restricted to narrow stops.

@ Strictly speaking, a narrow stop is not a stop.

@ However, it's possible to construct a stop from a narrow stop.
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Staps and narrow stops

Lemma (narrow stop ~- stop, [ , lem. 2.4])

Let ((M,Am),(F,\g),00) be a narrow stop with parameters p,s.
Then, there exist ¢: H, — S, s a proper embedding and g: M —
R such that if we define o == g o (id X¢) then we have that

© The following diagram commutes:

:EXR+*>:EXHP/

l A¢> l”

Q suppg C a(lA—' x K), for K C H,» a compact neighbourhood of 0;
Q@ o*(Am +dg) = Ar + Ac + d(f o (id x¢)). )
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Proof sketch.
The embedding ¢ is defined as ¢ = ¢}, for t big enough, where
H: C — R is a Hamiltonian which outside of a compact set is given
by r?sin(6). Notice that the Hamiltonian flow of r?sin(6) preserves
the Liouville form and it maps the real axis to the real axis. We choose
t and p’ so that ¢ = ¢}, maps H,, to S,;. Then ¢*Ac = Ac — dg’,
for g’: H, — R with compact support K a neighbourhood of 0.
Define g: M — R so that o*g = g’ and suppg C o(F x K).
a:ﬁ‘pr,L}ffopﬂ$>M
g o5e g

Af 4+ Ac +d(f o (idp x¢)) — dg’ XE + Ac + df m

Sf + Ag +d(f o (idp x¢)) Ap+ Ac +df +dogg My =2m+dg
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A Liouville pair is going to be defined analogously to the Weinstein
pairs of | ]. We will now study the relation between stops and
Liouville pairs. This relation will be given by some special functions on
Liouville pairs which we will call functions with Liouville graph.
Definition (Liouville pair, adapted from [ , §1 and 2])

A Liouville pair is a tuple (M, P) such that (M, \) is a Liouville
domain of dimension 2n and (P, A|p) C OM is a Liouville domain of

dimension 2n — 2.
A 7?“ M™M
Zr 'Ei i: fﬁ 2P
4 Y ~>
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Definition (func. w. Liouville graph, adapted from [Syl19, prop. 2.6])

If (M, P) is a Liouville pair, a function with Liouville graph on
(M, P) is a smooth function f: P — [1/2, 1] such that

Q@ f<lonintP;
Q flop =1,
© All r > 1/2 are regular values and f~!(r) C P is contact;

@ F = graph(f) C M is a smooth submanifold such that
(Zm)p € T,F for all p € OP = OF.

L M™M
2 ﬁiﬁ { 2 1,
’ W
& [
N 4 1 \ i

(0] x M
cM
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Proposition (Liouville pair defines stop, | , prop. 2.6])
Let (M, P) be a Liouville pair and f be a function with Liouville graph
on (M, P). Let F =graphf. Then, (F,\|r) is a Liouville domain and
there exists o : F x H, — M such that c*(Apy+dh) = Ap + Ac +df
and D, : F — M is induced from the inclusion F —s M.

Proof sketch.

Show that (F,Al) is a Liouville domain. By functoriality of com-
pletions, ¢: F — M defines Ok F — M. It's possible to define
an extension ¢: F x Dy — M which is a symplectic embedding.
Define § :== Mg p, — ¥*Am, which is closed. Since 0|z = 0, there
(Exists an hy € COOP(D,)/,]R) such that § = dhg. Define h = 1, hy and
Ny = Ay + dh. Then, ©*X,, = " Ay + dhy = )‘ﬁxDp,-
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Proof sketch (cont.)
Define ¢/: F x Ac —> M as in the . .
diagram. Patch together ¢ and ¢’ to F X (Ds N As) Y
get oo F x Sys — M. Use the rea- o J o
soning of a previous lemma to make an Fxe ) "
embedding ¢: H, — S, ;. F x A, W
IE IE X Dpl
X‘
A
Y Define o so that the di-
/ \ agram on the left com-
A o N mutes. Then, o is as de-
F x Hp F x Sp’,s sired. L]

v
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Thank you for listening!
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